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Introduction

At A-level it is assumed that you are confident and comfortable with the majority of the
topics at GCSE grades 7, 8 and 9.

This booklet is designed to give you a concise set of notes on these topics and worked
examples to be able to answer these types of questions.

We expect that you will have taken the time to revise and recap on these topics so that you
can access the A-level course effectively. To ensure you are on the correct programme of
study we will be assessing you on these topics in your first week of A level. This is
particularly important given the abrupt end to Year 11.

There are 23 topics covered in this Induction booklet. The purpose of this work is so that you
do not feel overwhelmed at the start of Year 12 and it will help you identify any areas you
need to work on.

At A-level we will have high expectations of the effort and attitude towards your learning
both in the classroom and your independent study; this work will help you prepare and plan.

At the end of this booklet there is a list of 23 the topics with associated Corbett Maths
resources. This resource should be used to support and improve your understanding of the
topics covered in the booklet. The video tutorials may be of particular benefit in explaining
any topics that you are unsure of.

3|Page



Additional Resources

There are several additional resources that you may find benefit your preparation for studying
A-level Mathematics.

Oxford’s GCSE-to-A-Level Bridging Support — Algebra

You can purchase this book that should help you with any problems you may encounter the
next two years. It is not compulsory to buy it but it could be great help in your studies.

Hegarty Maths — A-Level pre with Mr Hegarty!

Each day at 2 pm Hegarty Maths are providing a 30 minute live lesson on a topic to support
students preparing for A-level mathematics. The videos for these lessons can be access on
YouTube at https://www.youtube.com/user/HEGARTYMATHS/videos . Topics covered so
far include surds, indices and quadratic equations, and the contents seem to largely follow the
contents of this handbook and provide further support in developing your understanding of
the topics contained in the Induction booklet.

CGP New Head Start to A-Level Maths

CGP have provided via Amazon the Kindle version of their GCSE to A-level transition book,
New Head Start to A-Level Maths, at no cost. The topics are the same as in this booklet,
however they be presented in a manner that you find more helpful. The book can be accessed
through Amazon at no cost via
https://www.amazon.co.uk/dp/B06XD29GX2/ref=cm_sw_r_cp_api_i_BqoGEbTH72JK8
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1 — Manipulating algebraic expressions

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

o When you expand one set of brackets you must multiply everything inside the bracket by
what is outside.

¢ When you expand two linear expressions, each with two terms of the form ax + b, where
a# 0 and b # 0, you create four terms. Two of these can usually be simplified by collecting
like terms.

Examples

Example 1

Expand 4(3x — 2)

4(3x—2)=12x -8

Multiply everything inside the bracket
by the 4 outside the bracket

Example 2

Expand and simplify 3(x +5) — 4(2x + 3)

3(x+5)—4(2x +3)
=3x+15—-8x-12

=3 -5x

1 Expand each set of brackets
separately by multiplying (x + 5) by
3and (2x + 3) by 4

2 Simplify by collecting like terms:
3x—8x=-5xand 15-12=3

Example 3

Expand and simplify (x + 3)(x + 2)

x+3)(x+2)
=X(X+2)+3(x +2)
=x2+2X+3Xx+6
=x?+5x+6

1 Expand the brackets by multiplying
(x+2)byxand (x+2)by3

2 Simplify by collecting like terms:
2X + 3x = 5%

Example 4

Expand and simplify (x — 5)(2x + 3)

(x—=5)(2x +3)
=X(2x +3) —5(2x + 3)
=2x>+3x— 10x — 15
=2x*—-7x—15

1 Expand the brackets by multiplying
(2x+ 3) by x and (2x + 3) by =5

2 Simplify by collecting like terms:
3X—10x=—-7x
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Practice - Manipulating algebraic expressions

1 Expand. Watch out!
a 3(2x-1) b —2(5pq+40?) When multiplying (or
c  —(3xy—2y?) dividing) positive and
negative numbers, if
2 Expand and simplify. the signs are the same
a 7(3x+5)+6(2x-8) b 8(5p-2)-3(4p+9) the answer is ‘+; if the
¢ 9(3s+1)-5(6s—10) d 2(4x—-3)—(3x+5) signs are different the
answer is ‘.
3 Expand.
a 3x(4x+8) b 4k(5k?-12)
¢ —2h(6h?+11h-5) d —3s(4s?—7s+2)
4 Expand and simplify.
a 3(y>-8)—4(y*-5) b 2x(x+5)+3x(x-7)
c 4p(2p-1)-3p(Bp-2) d 3b(4b-3)-b(6b-9)
5  Expand 12(2y -8)
6 Expand and simplify.
a 13-2(m+7) b 5p(p?+ 6p) —9p(2p - 3)
7 The diagram shows a rectangle.
Write down an expression, in terms of x, for the area of
the rectangle. 3x-5
Show that the area of the rectangle can be written as
21x2— 35X T

8  Expand and simplify.

a (x+4Hx+5H) b (x+7)(x+3)
c (xX+7Nx-2) d (x+5)(x-5)
e (2x+3)(x-1) f (Bx-2)(2x+1)
g (bx-3)(2x-5) h  (3x—2)(7 + 4x)
i (3x+4y)(5y +6x) i (x+5)
k (2x—7)? | (4x—3y)?
Extend
9  Expand and simplify (x + 3)2 + (x — 4)?
10 Expand and simplify. ,
(1Y 2) [ 1)
a | X+_ | x—_| b LX+_
LU ) X
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Answers - Manipulating algebraic expressions

1 a 6x-3 b —10pq - 8¢?
c  —3xy +2y?
2 a 21x+35+12x—48=33x-13
b 40p-16-12p-27=28p-43
¢ 27s+9-30s+50=-3s+59=59-3s
d 8x-6-3x-5=5x-11
3 a  12x%+24x b 20k3- 48k
¢ 10h—12h3—22h? d 21s?>-21s®—6s
4 a -y -4 b 5x2-11x
c 2p-—7p? d 6b?
5 y-4
6 a -1-2m b 5p3+12p? + 27p

7 7x(3x —5) = 21x? — 35X

x —Q ® O W

X2+ 9x + 20 b x*+10x+21

X2 +5x — 14 d x2-25

22 +x-3 f 6x*-x-2

10x2 - 31x + 15 h 12x>+13x-14
18x2 + 39xy + 20y? j x2+10x+25

4x2 — 28x + 49 | 16x%—24xy + 9y?

9 2x*—2x+25

10 a
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2 - Surds

A LEVEL LINKS

Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

e Assurd is the square root of a number that is not a square number,

for example V2, 3, 5/etc.

e Surds can be used to give the exact value for an answer.

o Jab=-bx /b

.[\f

e To rationalise the denominator means to remove the surd from the denominator of a fraction.

. . a
e To ratlonallseT you multiply the numerator and denominator by the surd /b
b

. . a
* Torationalise ™ you multiply the numerator and denominator by b—

c

Examples

Example 1  Simplify J50

N

J50 =\25x 2

=\25x A2
=5><«f2_
=58

1 Choose two numbers that are
factors of 50. One of the factors
must be a square number

2 Use the rule v/ab =+a x b
3 Use+/25=5

Example 2 Simplify 147 — 2412

J147 — 22
=49x3-24x3

=7:7/__3— x2x 3
=7"3-4 3
=33

T NN AN

1 Simplify 147 and 2 12/ Choose two
numbers that are factors of 147and
two numbers that are factors of
12. One of each pair of factors must
be a square number

Use M;ule @é/_ x b

Use 49=7 and 4=2

4 Collect like terms
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Example 3 Simplify (xﬁJr «/T)(«ﬁ_ \/T)

Example 4

Example 5
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(R399

= 49-7 2+ 2 7-

1 Expand the brackets. A cc\)}mmon

2
mistake here is to write ( 7) =49

=7_-2 2 Collect like terms:
=5 T2+ 2T
[T =0
Rationalise 1
B
1 _ 1 Xﬁ 1 Multiply the numerator and
J3 3 3 denominator by J3
_1x3
7 2 Use/9=3
e
3
Rationalise and simplify £
J12
ultiply the numerator an
V2 _ V2 J2 1 Multiply th d
NN PNV denominator by /12
_ /2% 4x3 2 Simplify +/12 in the numerator.
12 Choose two numbers that are factors
of 12. One of the factors must be a
sgquare number
A
I 3 Usetherule ab=ax b
= 27273 Use 4=2
12
NINE 5 Simplify the fraction:
_ 23 Z T
= simplifies to
6 12




Example 6
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Rationalise and simplify

3
2+J§

3 3 2-.5

= X
2+5 2+.6 2-4/5

_3(2=45)
(2445)(2-5)

. 63

4+25-25-5
_6-35

-1

=356

Multiply the numerator and
denominator by 2 — g

Expand the brackets

Simplify the fraction

Divide the numerator by —1
Remember to change the sign of all
terms when dividing by —1




Practice - Surds

L Hint
1 Simplify.
a /45 b 125 One of the two
numbers you
c 48 d V175 choose at the start
e /300 f 28 must be a square
number.
g 72 h 162
2 Simplify. Watch out!
a ~72+162 b 45-2.5 Check you have
c  +/50-/8 d J75-/48 chosen the highest
sguare number at
e 228+Z8 £ wT2IZVT | oot
3 Expand and simplify.
a  (V2+\3)(V2-3) b (B+V3)5-+12)
S A VA
c (- 5)( 45+2) d G+ 2)(6- 8)
4 Rationalise and simplify, if possible.
1 1
a ___ b
5 Ji1
c i d i
V7 8
2 5
e f
V2 J5
, B -
J24 J45
5 Rationalise and simplify.
a 1 b _2_ c _6_
3-.5 4+3 5-4/2
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Extend

6  Expandand simplify (\/; + \/i)(

Jx

7  Rationalise and simplify, if possible.

1

J9-+/8

a
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Answers - Surds

1 a 36
c 4\5
e 108
g 62
2 a 1582
c 3L
e 67
3 a -1
c  10/5-7
4 a
5
. 27
7
e 2
g
3
5 a 3+J§
4
6 Xx-—-y
7 a 3+2ﬁ
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3 - Rules of indices

A LEVEL LINKS

Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points
° am X an - am+ n
am
[} _n: am—n
a

e The square root of a number produces two solutions, e.g. J16 =+4.

Examples

Example 1  Evaluate 10°

10°=1

Any value raised to the power of zero is
equalto 1

1
Example 2  Evaluate 92

)

3

1
92

1

Use the rule a; =x“/5

2
Example 3 Evaluate 273

2
-7
— 32

=9

m m
1 Use the rule a"iz(”wg)
2 Use 3\/27:3
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Example 4  Evaluate 472

1 Usetherulea™ = "
am

2 Use 4> =16

m
n

6x° \ e
— =3X 6+-2=3andusetherule —=a to
2%2 . a"
o X 5-2 3
give — =X =X
X
X3 x x°

Example 6 Simplify 7
X

33 X5_ X35 _ ©
x4 X
= y8-4=y4

1 Use the rule a™ xa" =a™"

m

a m-n
2 Usetherule —=a
a

. 1
Write e as a single power of x
X

Example 7
T T 1
1.1 Usetherule = =a™, note that the
3x 3 a"
.1 .
fraction _ remains unchanged
3
.4 .
Example 8 Write —= as a single power of x
Jx

L

< 7
[
- 4>|

Il
I
>
N =

1 Usetherule a" ="a
= a_m

2 Use the rule
am
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Practice - Rules of indices

1 Evaluate.
a 14° b 30 c 50 d x°
2  Evaluate.
L 1 1 1
a 492 b 643 c 1253 d 164
3 Evaluate.
3 s 3 3
a 252 b 83 c 49? d 164
4 Evaluate.
a b5? b 43 c 25 d 62
5  Simplify.
3 x X3 10x°
a b
2x2 2X2 x X
3x x 2x3 q 7x3 y?
c - I
o 145 y Watch out!
2 1 Remember that
e 2 f 2 xch any value raised to
y#x y3 the power of zero
is 1. This is the
(Zx 2) X2 x X3 rule a® = 1.
450 h XXX
g
6 Evaluate.
1 2 1
a 4?2 b 27 3 c 9 2x23
1 1 2

_ , o 9) 2 f 27\ 3
4 - I N
d 164x2 16 64

7 Write the following as a single power of x.
1

1
a = b - c 4x
X X7
e
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8  Write the following without negative or fractional powers.
a x3 b X c x5

1 3
e X 2 f X 4

9  Write the following in the form ax".

\ s b 2 c b
x® 3x*
2 4
d —= e — f 3
Jx ke
Extend
10 Write as sums of powers of x.
X +1 2( 1\ —4( 2 1 \
a 2 b X | X+ | c X kx +
X 3
‘) ¢
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Answers - Rules of indices

1 a 1 b 1
2 a 7 b 4
3 a 125 b 32
4 a L b s
25 64
3
5 a 3% b 5%
c 3 d Y
2x2
1
e V2 c3
g 2x° h X
6 a E b E
2 9
d E e f
4 3
7 a xt b X’
2 1
d x° e X3
1
8 a = b 1
1
d o e —
Jx
1
9 a 5x2 b 2x3
1 1
d 2x? e 4x 3
10 a x3+x? b X3 + X




4 - Factorising expressions

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Factorising an expression is the opposite of expanding the brackets.

e Aquadratic expression is in the form ax? + bx + ¢, where a # 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose product is ac.
e Anexpression in the form x? — y? is called the difference of two squares. It factorises to

(X=y)(x+Y).

Examples

Example 1  Factorise 15x%y® + 9x%y

15x2y3 + 9x%y = 3x%y(5y? + 3x?)

The highest common factor is 3x?y.
So take 3x?y outside the brackets and
then divide each term by 3x?y to find
the terms in the brackets

Example 2  Factorise 4x? — 25y?

4x2 — 25y? = (2x + 5y)(2x — by)

This is the difference of two squares as
the two terms can be written as
(2x)?and (5y)?

Example 3 Factorise x? + 3x — 10

b=3,ac=-10

Sox?+3x—10=x*+5x—-2x—-10
=X(x +5)—2(x +5)

=(x+5)(x-2)

1 Work out the two factors of
ac =—10 which add to give b =3
(5and -2)

2 Rewrite the b term (3x) using these
two factors

3 Factorise the first two terms and the
last two terms

4 (x+5)is a factor of both terms
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Example 4

Example 5
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Factorise 6x? — 11x— 10

b=-11,ac=-60 1 Work out the two factors of
ac = —60 which add to give b =—-11
So (—15 and 4)
6x? — 11x — 10 = 6x> — 15x + 4x — 10 2 Rewrite the b term (—11x) using
these two factors
=3x(2x — 5) + 2(2x — 5) 3 Factorise the first two terms and the
last two terms
=(2x-5)(3x + 2) 4 (2x—5) is a factor of both terms
simplify 2~ 4%~ 21
P e + Ox +9
X2 — 4x — 21 1 Factorise the numerator and the
m denominator
For the numerator: 2 Work out the two factors of
b=-4,ac=-21 ac = —21 which add to give b=—4
(=7 and 3)
So
X2—4x —21=x2—T7x+3x-21 3 Rewrite the b term (—4x) using these
two factors
=X(X—=7)+3(x—7) 4 Factorise the first two terms and the
last two terms
=(xX-7)(x+3) 5 (x—7)is afactor of both terms
For the denominator: 6 Work out the two factors of
b=9,ac=18 ac = 18 which add to giveb=9
(6 and 3)
So
2X2+9X+9=2x>+6x+3x+9 7 Rewrite the b term (9x) using these
two factors
=2X(x + 3) + 3(x + 3) 8 Factorise the first two terms and the
last two terms
=(x+3)(2x +3) 9 (x+ 3) isafactor of both terms
So
X —4x-21 (x=T7)(x+3) 10 (x + 3) is a factor of both the
2 +9x+9  (x+3)(2x+3) numerator and denominator so
X_7 cancels out as a value divided by
= itselfis 1
2X+3




Practice - Factorising expressions

1  Factorise.
a  6x%y3—10x%y*
C  25x%?— 10x%y? + 15x%y°

2  Factorise
a x+7x+12
c x2-11x+30
e x2-7x-18
g x2-3x-40
3  Factorise
a  36x2—49y?

c 18a%-—200b?%c?

4 Factorise
a 2x2+x-3
c 2xX2+7x+3
e 10x2+21x+9

5  Simplify the algebraic fractions.

2X2 + 4x
X% — X
X2 —2x -8
c -
X2 — 4x
X2 —x-12
e -
X2 — 4x
6 Simplify
9x? —-16
a -
3x% +17x - 28
4 — 25x2
c -
10x? —11x -6
Extend

7 Simplify «/x? +10x + 25

(x+2)% +3(x + 2)?

8  Simplify T 4
X —
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o —h QO T

21a%b® + 35a°h?

X2 +5x — 14
X2 —5x —24
X2 +x-20

X2 + 3x — 28

4x2 — 81y?

6x2+17x+5
Ox2—15x + 4
12x% —38x + 20

X% + 3x
X2 +2x-3
X2 —b5x
x? —25
2x? +14x
2x2 +4x 170

2x% — 7x -15
3x? -17x +10
6x2 —x -1

2X° +7x—4

Hint

Take the highest
common factor
outside the bracket.




Answers - Factorising expressions

1 a 2xy3(3x-by)
5x2y2(5 — 2x + 3y)

o

2 a (x+3)(x+4)
c (x-5x-6)
e (xX-9x+2)
g (x-8)x+5)

3 a (6x—7y)6x+7y)
¢ 2(3a—10bc)(3a+ 10bc)

4 a (x-1)(2x+3)
(2x+1)(x +3)
(5x + 3)(2x +3)

2(x+2)
x-1
X+ 2

3x+4
X+7
2 —5x
2Xx -3

7 (x+5)

4(x+2)
X—2
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7a%0%(3b® + 5a?)

(x+7)(x-2)
(x—=8)(x +3)
(x+5)(x—4)
x+7)(x—4)

(2x — 9y)(2x + 9y)
(Bx+1)(2x +5)
(Bx—1)(3x—4)

2(3x — 2)(2x -5)

X
x-1

X
X+5
X
X—-5
2X+3
3X-2

3x+1
X+4




5 - Completing the square

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Completing the square for a quadratic rearranges ax? + bx + ¢ into the form p(x + q)? + r
e Ifa+#1,then factorise using a as a common factor.

Examples
Example 1  Complete the square for the quadratic expression x2 + 6x — 2
X2 + 6X — 2 1 Write x2 + bx + ¢ in the form
3702 ([ bY (bY
=(x+3)*-9- X+—| =] =|+¢C
2) 2)
=(x+3)2-11 2 Simplify

Example 2 Write 2x2 —5x + 1 in the form p(x + q)? + r

2x2—5x+1 1 Before completing the square write
ax2 + bx + c\m the form
a x2 x +C
e 50 [ a)
=2 %X = J 2 Now complete the square by writing
2 x? —~ X in the form
2
[r sy (5% > (Y
b b
=2|LX__J | =] 1+1 x+ | -~
L 4) &) | 2 2
52 25
-2 x— \_ 3 Expand the square brackets — don’t
k J f Itipl (5\2b h
orget to multiply \ZJ y the
factor of 2
( 5y 17
=2] Kol e 4 Simplify
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Practice - Completing the square

1 Write the following quadratic expressions in the form (x + p)? + g

a X2+4x+3 b x*-10x-3
c x*—8x d x?+6x
e X2-2x+7 f x*+3x-2

2 Write the following quadratic expressions in the form p(x + g)? + r
a 2x*-8x-16 b 4x*-8x-16
c 3x*+12x-9 d 2x*+6x-8

3 Complete the square.

a 2x¢+3x+6 b 3x2-2x
¢ 5x%+3x d 3x2+5x+3
Extend

4 Write (25x2 + 30x + 12) in the form (ax + b)? + c.
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Answers - Completing the square

1 a
c
e

2 a
c

3 a

(x+2)2-1

(x—4)2-16

(x—1)2+6

2(x — 2)2 - 24

3(x +2)? - 21

[ 32 39
2| x+_J +
4 8

([ 3% 9
o X+ — | — —
L 1OJ 20

4 (5x+3)*+3
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b

d

(x—5)2— 28

(x+3)*-9

( 3)2_£
2

X+
4
4(x —1)>-20

( 3T_25

2l X4 —

([ 52 11

3kx+_J +—
6 12



4 — Factorising expressions

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e A quadratic equation is an equation in the form ax? + bx + ¢ = 0 where a # 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose products is ac.
¢ When the product of two numbers is 0, then at least one of the numbers must be 0.

e If a quadratic can be solved it will have two solutions (these may be equal).

Examples

Example1  Solve 5x2 = 15x

5x2 = 15x 1 Rearrange the equation so that all of
the terms are on one side of the
5x2—15x=0 equation and it is equal to zero.

Do not divide both sides by x as this
would lose the solution x = 0.

5x(x—3)=0 2 Factorise the quadratic equation.
5x is a common factor.

So5x=0o0r(x—3)=0 3 When two values multiply to make
zero, at least one of the values must
be zero.

Therefore x=00rx=3 4 Solve these two equations.

Example2 Solve x?+7x+12=0

X2+7x+12=0 1 Factorise the quadratic equation.
Work out the two factors of ac = 12

b=7,ac=12 which add to give you b =7.
(4 and 3)

X2+ 4x+3x+12=0 2 Rewrite the b term (7x) using these
two factors.

X(x+4)+3(x+4)=0 3 Factorise the first two terms and the
last two terms.

x+dx+3)=0 4 (x +4)is afactor of both terms.

So(x+4)=0or(x+3)=0 5 When two values multiply to make
zero, at least one of the values must
be zero.

Therefore x = —4 or X = —3 6 Solve these two equations.
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Example 3

Example 4
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Solve 92— 16=0

9x2—-16=0
(Bx+4)(Bx-4)=0

So(3x+4)=00r(3x-4)=0

4 4
X=—_ 0r X=_
3 3

Factorise the quadratic equation.
This is the difference of two squares
as the two terms are (3x)? and (4)2
When two values multiply to make
zero, at least one of the values must
be zero.

Solve these two equations.

Solve 22— 5x—12=0

b=-5,ac=-24

So2x?—8x+3x—12=0
2X(X—4)+3x—4)=0

x-4)(2x+3)=0
So(x—4)=0o0r(2x+3)=0

3
X=4 or x=—_
2

Factorise the quadratic equation.
Work out the two factors of ac = —24
which add to give you b = -5.

(-8 and 3)

Rewrite the b term (—5x) using these
two factors.

Factorise the first two terms and the
last two terms.

(x — 4) is a factor of both terms.
When two values multiply to make
zero, at least one of the values must
be zero.

Solve these two equations.




Practice - Factorising expressions

1 Solve
a 6x2+4x=0
c x2+7x+10=0
e x2-3x-4=0
g x2-10x+24=0
i xX*+3x-28=0
k 2x*-7x-4=0
2 Solve
a x*-3x=10
X2 + bx = 24

c
e x(x+2)=2x+25
g x(Bx+1)=x2+15
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28x2-21x=0
X2—-5x+6=0
x2+3x-10=0
x?-36=0
X>-6x+9=0
3x?-13x-10=0

X2 —3=2x

X2 —42 =X
x2-30=3x—-2
IAX(x—-1)=2(x+1)

Hint

Get all terms
onto one side
of the equation.




5 - Factorising expressions

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Completing the square lets you write a quadratic equation in the form p(x + g)? + r = 0.

Examples

Example 5  Solve x2 + 6x + 4 = 0. Give your solutions in surd form.

X2 +6x+4=0

(x+3)?—-9+4=0

Sox= —-/5-3 orx=+/5-3

1 Write X% + bx + ¢ = 0 in the form

([ bY (bY
LX+EJ |\2|)+C:0

(x +3)%— 2 Simplify.
(x+3)2=5 3 Rearrange the equation to work out
X. First, add 5 to both sides.
X+3=+/5 4 Square root both sides.
Remember that the square root of a
x= /53 value gives two answers.

5 Subtract 3 from both sides to solve
the equation.
6 Write down both solutions.

Example 6  Solve 2x? — 7x + 4 = 0. Give your solutions in surd form.

2 —=T7x+4=0 1 Before completing the square write
’ 7 ax2 + bx + ¢ in the form
2 X - x +4=0 ax2+ X +C
L 2 ) L e
72 (7\21 2 Now gomplete the square by writing
Lk | —| =0 x2 — " x inthe form
2
(b (b
X —_
) )
(72 49
2|\X - 7) - 8_+ 4=0 3 Expand the square brackets.
(7% 17
=0 i ify.
|K 7) T 4 Simplify
(continued on next page)
2‘( ) 7\|2_ 17 5 Rearrange thi 7equation to work out
\ 8 x. First,add = to both sides.

5
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Divide both sides by 2.

Square root both sides. Remember
that the square root of a value gives
two answers.

Add ! to both sides.
4

Write down both the solutions.




Practice - Factorising expressions

3 Solve by completing the square.

a x2-4x-3=0 b x2-10x+4=0
cC X2+8x-5=0 d x-2x-6=0
e 2x*+8x-5=0 f 5x2+3x-4=0
4 Solve by completing the square. Hint
a (x-4x+2)=5
b 2x*+6x-7=0 Get all terms
c x2_5x+3=0 onto one side
of the equation.
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6 - Solving quadratic equations

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Any quadratic equation of the form ax? + bx + ¢ = 0 can be solved using the formula

x = —b b —4ac
2a

e If b? - 4ac is negative then the quadratic equation does not have any real solutions.
o Itis useful to write down the formula before substituting the values for a, b and c.

Examples

Example 7 Solve x2 + 6x + 4 = 0. Give your solutions in surd form.

a=1b=6,c=4 1 Identify a, b and ¢ and write down
~b £,/b* —4ac the formula.
X= — = F
2a Remember that —b =9 —4ac is
all over 2a, not just part of it.
6+ [ _a(D@ 2 Substitute a=1, b =6, c =4 into the
X= A formula.
2(1)
—6+./20 3 Si_mplify. The denominator is 2, but
X= 5 this is only because a = 1. The
denominator will not always be 2.
X:—GiZﬁ 4 Simplify ,/20.
2 SR = 5= fx F=2.5
x=-3+.p 5 Simplify by dividing numerator and
denominator by 2.
So X :—3—\/5 or X= \)b‘—3 6 Write down both the solutions.
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Example 8
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Solve 3x? — 7x — 2 = 0. Give your solutions in surd form.

a=3,b=-7,c=-2

_-b +,/b* —4ac

X =
2a

-(=7) iJ(—7)2 -4(3)(-2)
X =
2(3)

NENE

6
7—

X

So x=

3
o
=
>

\'

+
(@)]

3

1 Identify a, b and ¢, making sure you
get the signs right and write down
the formula.

Remember that —b J_r\léz —4ac is

all over 2a, not just part of it.

2 Substitutea=3,b=-7,¢c=-2 into
the formula.

3 Simplify. The denominator is 6
when a = 3. A common mistake is
to always write a denominator of 2.

4 Write down both the solutions.




Practice - Solving quadratic equations

5  Solve, giving your solutions in surd form.
a 3x2+6x+2=0 b 2x*-4x-7=0
6  Solve the equation X2~ 7x+2=0

. . . azt \/5
Give your solutions in the form — " where a, b and c are integers.
c

7  Solve 10x*+3x+3=5 Hint

Give your solution in surd form. Get all terms onto one
side of the equation.

Extend

8  Choose an appropriate method to solve each quadratic equation, giving your answer in surd form
when necessary.

a 4xX(x-1)=3x-2
b 10=(x+ 1)
c x(Bx-1)=10
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Answers - Solving quadratic equations

1 a
c
e
g
i
k

2 a
g

3 a
c
e

4 a
c

5 a

6 x=

7 Xx=

x=Oorx=—E
3

X=-50rx=-2

x=-lorx=4

X=40rx=6
=-T7orx=4

X = 10I‘X=4

=-2o0rx=5
Xx=-8orx=3
x=-5orx=5

x=—30rx:2i
2

x=2+f7Torx=2-+7
x=—4+\/ﬂorx=—4—

X=-2+ 6.5 orx=-2—

x=1+\/ﬁorx=1—\/ﬁ
54413  5-\13
2

or X

3 3
7+4/41 741
orx=
2 2
—3+4/89 o x = —3-89
20 20

—_— = O

o

x=00rx=f
4

X=20rx=3
X=-50rx=2
X=-60rx=6
Xx=3

X=-"0rx=2

21 21
X=5+ orx=5-
Xx=1+ orx=1-

J7 J7

x=1+%orx:17%

2 2



7417 7—

orx=
8 8

b x=-1+ 410 orx=-1- /10

_ 2
c X__1§ orx=2

g
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7 - Sketching quadratic graphs

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e The graph of the quadratic function
y = ax?+ bx + ¢, where a # 0, is a curve
called a parabola.

e Parabolas have a line of symmetry and
a shape as shown.

Uora>0 /\ fora<0

e To sketch the graph of a function, find the points where the graph intersects the axes.

e To find where the curve intersects the y-axis substitute x = 0 into the function.

e To find where the curve intersects the x-axis substitute y = 0 into the function.

e At the turning points of a graph the gradient of the curve is 0 and any tangents to the curve at
these points are horizontal.

e To find the coordinates of the maximum or minimum point (turning points) of a quadratic
curve (parabola) you can use the completed square form of the function.

Examples

Example 1  Sketch the graph of y = x2.

Y The graph of y = x2 is a parabola.

\J

Whenx =0,y =0.

a = 1 which is greater
than zero, so the graph

0 * has the shape:
Example 2  Sketch the graph of y = x?> —x — 6.
Whenx=0,y=02-0-6=—-6 1 Find where the graph intersects the
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So the graph intersects the y-axis at
(0,-6)
Wheny=0,x2—Xx—-6=0

x+2)(x—3)=0
X=—2o0orx=3
So,

the graph intersects the x-axis at (-2, 0)
and (3, 0)

y-axis by substituting x = 0.

2 Find where the graph intersects the
x-axis by substituting y = 0.

3 Solve the equation by factorising.

4 Solve(x+2)=0and (x—3)=0.

\J

(continued on next page)

5 a=1which is greater
than zero, so the graph
has the shape:

6 To find the turning point, complete
the square.
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([ 1)Z 25

27

(17 1

When | x— | =0, x=—and
| X5 ) 5

y=—__, s0 the turning point is at the
A5

-6

7 The turning point is the minimum
value for this expression and occurs
when the term in the bracket is
equal to zero.




Practice - Sketching quadratic graphs

1  Sketch the graph of y = —x2.

2  Sketch each graph, labelling where the curve crosses the axes.
a y=Kx+2)(x—-1 b y=Xx(X—3) c y=(x+1)(x+5)

3 Sketch each graph, labelling where the curve crosses the axes.

a y=x2-x-6 b y=x*-5x+4 c  y=x*-4

d y=x2+4x e y=9—-x? f y=x2+2x-3
4 Sketch the graph of y = 2x? + 5x — 3, labelling where the curve crosses the axes.

Extend

5  Sketch each graph. Label where the curve crosses the axes and write down the coordinates of the
turning point.

a y=x*—5x+6 b y=-x+7x-12 ¢ y=-x+4x

6  Sketch the graph of y = x? + 2x + 1. Label where the curve crosses the axes and write down the
equation of the line of symmetry.
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Answers - Sketching quadratic graphs

1
Ui
D T
2 a b C
Ve YA
N o1 F .
[ 3 ”
3 a b c
Y, )
A ‘A
4
2\0 * )
-9 O 2
> X
[9) 1\/4
g )\
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A
X
-3
5 a
YA
6
0 2 3 ’.\‘
(25 —3)
6
Ua

/

0] x

Line of symmetry at x = —1.
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8 - Solving linear simultaneous equations —
elimination method

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Two equations are simultaneous when they are both true at the same time.

e Solving simultaneous linear equations in two unknowns involves finding the value of each
unknown which works for both equations.

e Make sure that the coefficient of one of the unknowns is the same in both equations.

¢ Eliminate this equal unknown by either subtracting or adding the two equations.

Examples

Example 1  Solve the simultaneous equations 3x +y=5and x+y=1

Example 2

43|Page

3x+y=5 1 Subtract the second equation from
- x+y=1 the first equation to eliminate the y
2X =4 term.
Sox=2
Usingx+y=1 To find the value of y, substitute
2+y=1 X = 2 into one of the original
Soy=-1 equations.
Check: Substitute the values of x and y into
equation1: 3x 2+ (—1)=5 YES both equations to check your
equation2: 2+ (-1)=1 YES answers.

Solve x + 2y = 13 and 5x — 2y = 5 simultaneously.

X+2y=13
+ 5x—-2y= 5
6X =18
Sox=3
Using x + 2y = 13
3+2y=13
Soy=5
Check:

equation1: 3+2x5=13  YES
equation2: 5x3-2x5=5 YES

1 Add the two equations together to

eliminate the y term.

2 To find the value of y, substitute

x = 3 into one of the original
equations.

Substitute the values of x and y into
both equations to check your
answers.




Example 3
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Solve 2x + 3y = 2 and 5x + 4y = 12 simultaneously.

(2x+3y=2)x4 — 8x+12y =8
(bx+4y=12)x3— _ 15x+12y =36
7X = 28

Sox=4

Using 2x + 3y =2
2x4+3y=2
Soy=-2

Check:
equation1: 2 x4+3x(-2)=2 YES
equation 2: 5x 4 +4 x (-2) =12 YES

1 Multiply the first equation by 4 and
the second equation by 3 to make
the coefficient of y the same for
both equations. Then subtract the
first equation from the second
equation to eliminate the y term.

2 To find the value of y, substitute

X = 4 into one of the original
equations.

3 Substitute the values of x and y into

both equations to check your
answers.




Practice - Solving linear simultaneous equations — elimination
method

Solve these simultaneous equations.

1 4x+y=8 2 3X+y=7
X+ty=5 3x+2y=5
3 4x+y=3 4 3x+4y=7
x-y=11 X—4y =5
5 2x+y=11 6 2x+3y=11
x—3y=9 x+2y=4
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8 - Solving linear simultaneous equations -
substitution method

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Textbook: Pure Year 1, 3.1 Linear simultaneous equations

Key points

e The subsitution method is the method most commonly used for A level. This is because it is
the method used to solve linear and quadratic simultaneous equations.

Examples

Example 4

Solve the simultaneous equations y = 2x + 1 and 5x + 3y = 14

5x+3(2x+1) =14

5x+6x +3 =14
11x+3=14
11x =11
Sox=1

Usingy=2x+1
y=2x1+1
Soy=3

Check:
equation1:3=2x1+1 YES
equation2: 5x1+3x3=14 YES

1

2

Substitute 2x + 1 for y into the
second equation.
Expand the brackets and simplify.

Work out the value of x.

To find the value of y, substitute
x = 1 into one of the original
equations.

Substitute the values of x and y into
both equations to check your
answers.

Example 5

Solve 2x —y = 16 and 4x + 3y = —3 simultaneously.

46|Page

y=2x—16
4x + 3(2x — 16) =3

4x + 6X —48=-3
10x —48=-3
10x =45

Sox= 412

Usingy = 2x — 16
y=2x4>-16

Soy=-7

Check:
equation 1: 2 x 4% —(-7)=16

YES
equation 2: 4 x 4% +3x(-7)=-3 YES

=

Rearrange the first equation.
Substitute 2x — 16 for y into the
second equation.

Expand the brackets and simplify.

Work out the value of x.

To find the value of y, substitute
X = 4% into one of the original

equations.
Substitute the values of x and y into

both equations to check your
answers.




Practice - Solving linear simultaneous equations - substitution

method

Solve these simultaneous equations.

7 y=x-4
2x + 5y =43
9 2y=4x+5
Ox + by =22
11 3x+4y=8
2x—y=-13
13 3x=y-1
2y —2x=3
Extend

15 Solve the simultaneous equations 3x + 5y —20=0and 2(x+y) =
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10

12

14

y=2x-3
bx—-3y=11

2x=y-2
8x —by=-11

y=4x-7
2y=3x-4

3X+2y+1=0
4y =8 —X

3(y—><).
4




Answers - Solving linear simultaneous equations - substitution
method

1 x=1y=4
2 x=3,y=-2
3 x=2,y=-5
4 x=3,y=ff
2
5 x=6,y=-1
6 x=-2,y=5
7 x=9,y=5

10 x=2-,y=3

11 x=-4,y=5

12 x=-2,y=-5

13 x=1t,y=1%
4 4
14 x=—2,y=2£
2
15 x=-21y=5"
2 2
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9 - Solving quadratic simultaneous equations

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Make one of the unknowns the subject of the linear equation (rearranging where necessary).
e Use the linear equation to substitute into the quadratic equation.
e There are usually two pairs of solutions.

Examples

Example 1

Solve the simultaneous equations y = x + 1 and x? + y> = 13

X2+ (x+1)2=13

XX+X2+x+x+1=13
2X2+2x+1=13

2%+ 2x—12=0
(2x—4)(x+3)=0
Sox=2o0rx=-3

Usingy=x+1
Whenx=2,y=2+1=3
Whenx=-3,y=-3+1=-2

So the solutions are

x=2,y=3 and x=-3,y=-2
Check:
equation1: 3=2+1 YES
and 2=-3+1 YES
equation 2: 22+ 32=13 YES

and (-3)2 + (-2)?= 13 YES

1

2

Substitute x + 1 for y into the second
equation.
Expand the brackets and simplify.

Factorise the quadratic equation.
Work out the values of x.
To find the value of y, substitute

both values of x into one of the
original equations.

Substitute both pairs of values of x
and y into both equations to check
your answers.
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Example 2

Solve 2x + 3y = 5 and 2y? + xy = 12 simultaneously.

_5-%

2y2+/25_3y\y=12
7z )
2 5y—3y?
+ =
2
4y? +5y—3y? =24
y2+5y—-24=0

(y+8)(y-3)=0
Soy=-8ory=3

X

2y 12

Using 2x +3y =5
Wheny=-8, 2x+ 3% (-8)=5, x=145
Wheny=3, 2x+3x3=5 x=-2

So the solutions are
x=145,y=-8 and x=-2,y=3

Check:

equation 1: 2x 145+3 x (—8)=5 YES
and 2x(-2)+3x3=5 YES

equation 2: 2x(—8)% + 14.5x(—8) = 12 YES
and 2 x (3)2+(-2)x3=12 YES

1

Rearrange the first equation.

) 5-3 .
Substitute y for x into the
2
second equation. Notice how it is
easier to substitute for x than fory.

Expand the brackets and simplify.

Factorise the quadratic equation.

Work out the values of y.

To find the value of x, substitute
both values of y into one of the
original equations.

Substitute both pairs of values of x
and y into both equations to check
your answers.
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Practice - Solving quadratic simultaneous equations
Solve these simultaneous equations.

1 y=2x+1 2 y=6-Xx
X2 +y2=10 X2 +y2=20
3 y=x-3 4 y=9-2x
X2+y2=5 X2 +y2=17
5 y=3x-5 6 y=x-5
y=x*-2x+1 y=x>—5x—12
7 y=x+5 8 y=2x-1
X2 +y?=25 X2 +xy =24
9 y=2x 10 2x+y=11
y2—xy=8 Xy =15
Extend
11 x-y=1 12 y—x=2
X*+y*=3 X*+xy=3
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Answers- Solving quadratic simultaneous equations

1 x=1y=3
9 13
X=—_,y=—_
5 5
2 x=2,y=4
X=4,y=2
3 x=1ly=-2
x=2,y=-1
4 x=4,y=1
16 13
5 5
5 x=3,y=4
=2,y=1
6 x=7,y=2
=-1,y=-6
7 x=0,y=5
=-5y=0
8 X:_gay:_g
3 3
Xx=3,y=5
9 =2,y=-4
:2,y:4
10 x=2,y=6
2
Xx=3,y=5

11 x= 16 o 1B

2 2

1-46 _ -1-45

2,y 2

1447 y= 3447

2 2

‘1‘ﬁ,y= 37

2 2

12 x=

X=
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10 - Solving simultaneous equations graphically

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e You can solve any pair of simultaneous equations by drawing the graph of both equations and
finding the point/points of intersection.

Examples

Example 1  Solve the simultaneous equations y = 5x + 2 and x +y = 5 graphically.

y=5-x 1 Rearrange the equation x +y =5
to make y the subject.

y=>5—xhas gradient —1 and y-intercept 5. | 2 Plot both graphs on the same grid

y = 5x + 2 has gradient 5 and y-intercept 2. using the gradients and
s A y-intercepts.
N fy=5x+2

Lines intersect at 3 The solutions of the simultaneous

x=0.5y=45 equations are the point of
intersection.

Check: _

First equation y = 5x + 2: 4 Check your solutions by
45=5x%x05+2 YES substituting the values into both

Second equation x +y = 5: equations.
05+45=5 YES
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Example 2
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Solve the simultaneous equations y = x — 4 and y = x? — 4x + 2 graphically.

y=x2-dx+2

3 rx
The line and curve intersect at
x=3,y=—-landx=2,y=-2
Check:
First equationy =x — 4:
-1=3-4 YES
-2=2-4 YES
Second equation y = x? — 4x + 2:
-1=32-4x3+2 YES
2=22-4x2+2 YES

1 Construct a table of values and
calculate the points for the quadratic
equation.

2 Plot the graph.

3 Plot the linear graph on the same

grid using the gradient and
y-intercept.

y=X—4 has gradient 1 and
y-intercept —4.

4  The solutions of the simultaneous

equations are the points of
intersection.

5 Check your solutions by substituting
the values into both equations.




Practice - Solving simultaneous equations graphically

1  Solve these pairs of simultaneous equations graphically.
a y=3x—landy=x+3b
y=X—5andy=7-5xc y=
3+4andy=2-x

2 Solve these pairs of simultaneous equations graphically.
a xty=0andy=2x+6
b 4x+2y=3andy=3x-1
c 2x+y+4=0and2y=3x-1

3 Solve these pairs of simultaneous equations graphically.
a y=x—landy=x>—4x+3
b y=1-3xandy=x*-3x-3
c y=3-xandy=x2+2x+5

Hint

Rearrange the
equation to make
y the subject.

4 Solve the simultaneous equations x + y = 1 and x2 + y? = 25 graphically.

Extend

5 a Solve the simultaneous equations 2x +y =3 and x> +y =4

i graphically
ii algebraically to 2 decimal places.

b Which method gives the more accurate solutions? Explain your answer.
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Answers - Solving simultaneous equations graphically

1 a x=2,y=5
b x=2,y=-3
c x=-0.5,y=25

2 a x=-2,y=2
b x=05y=05
c Xx=-l,y=-2

3 a x=1ly=0andx=4,y=3
b x=-2,y=7andx=2,y=-5
x=-2,y=5andx=-1,y=4

4 x=-3,y=4andx=4,y=-3
5 a 1 x=25y=-2andx=-0.5y=4

il x=241,y=-1.83and x=-0.41,y =3.83

b  Solving algebraically gives the more accurate solutions as the solutions from the graph are
only estimates, based on the accuracy of your graph.
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11 - Linear inequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

e Solving linear inequalities uses similar methods to those for solving linear equations.
e When you multiply or divide an inequality by a negative number you need to reverse the
inequality sign, e.g. < becomes >.

Examples

Examplel Solve -8 <4x <16

—-8<4x<16 Divide all three terms by 4.
—2< x<4

Example 2  Solve 4<5x <10

4<5x<10 Divide all three terms by 5.
A<x<?2
5

Example 3 Solve 2x-5<7

2X—5<7 1 Add 5 to both sides.
2x <12 2 Divide both sides by 2.
X<6
Example4  Solve 2 —5x>-8
2—-5x>-8 1 Subtract 2 from both sides.
—-5x=>-10 2 Divide both sides by —5.
X<2 Remember to reverse the inequality
when dividing by a negative
number.
Example5  Solve 4(x —2)>3(9 —X)
4(x—2)>3(9—x) 1 Expand the brackets.
4x — 8> 27 — 3x 2 Add 3x to both sides.
7x—8>27 3 Add 8 to both sides.
7x>35 4 Divide both sides by 7.
X>5
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Practice- Linear inequalities

1  Solve these inequalities.

a 4x>16 b 5X-7<3 c 1>3x+4
X X
d 5-2x<12 e 525 f 8<3—§

2  Solve these inequalities.
X

a §<_4 b 10>2x+3 c 7-3x>-5
3 Solve

a 2-4x>18 b 3<7x+10<45 c 6-2x>4

d 4x+17<2-x e 4 —5x < -3X f —4x > 24

4  Solve these inequalities.

a 3t+1<t+6 b 2(B8n-1)>n+5
5 Solve.

a 3(2-x>2(4-x)+4 b 5@4-x)>3(5-x)+2
Extend

6  Find the set of values of x for which 2x + 1 > 11 and 4x — 2 > 16 — 2x.
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Answers- Linear inequalities

1 a x>4 b X<2
7
d x>—_ e x>10
2
2 a x<-20 b x<35
3 a x<-4 b -1<x<5
d x<-3 e X>2
4 a t< b n>7
2 5
5 a x<-6 b x<§
2

6 x>5(which also satisfies x > 3)
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12 - Quadratic inequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

e First replace the inequality sign by = and solve the quadratic equation.

o Sketch the graph of the quadratic function.

e Use the graph to find the values which satisfy the quadratic inequality.
Examples

Example 1 Find the set of values of x which satisfy x> + 5x + 6 >0

X2 +5x+6=0 1 Solve the quadratic equation by
x+3)(x+2)=0 factorising.
X=—3orx=-2
It is above the x-axis 2 Sketch the graph of
wherex* +5x +6>0 Y y=(x+3)(x+2)

3 Identify on the graph where
X2 +5x+6>0,i.e wherey>0

=Y

-»_"22 0
This part of the graph is
not needed as this is
wherex* + 5x + 6 <0

4 Write down the values which satisfy

X<-3orx>-2 . .
o the inequality x> + 5x + 6 >0

Example 2 Find the set of values of x which satisfy x? — 5x < 0

X2—5x=0 1 Solve the quadratic equation by
X(x—=5)=0 factorising.
x=0o0rx=5

y 2 Sketch the graph of y = x(x — 5)

3 Identify on the graph where
X2 —5x<0, i.e. wherey<0

0<x<5 4 Write down the values which satisfy
the inequality x> — 5x <0

Example 3 Find the set of values of x which satisfy —x*> — 3x + 10> 0
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—x?2=3x+10=0
(—x+2)(x+5)=0
X=20rx=-5

Ya

v

—5<x<2

Solve the quadratic equation by
factorising.

Sketch the graph of
y=(x+2)(x+5)=0

Identify on the graph where
—x?—3x+10>0, i.e. where y >0

Write down the values which satisfy
the inequality —x> —3x + 10 >0




Practice- Quadratic inequalities

1 Find the set of values of x for which (x + 7)(x —4) <0
2 Find the set of values of x for which x? —4x —12>0
3 Find the set of values of x for which 2x2 -7x + 3< 0
4  Find the set of values of x for which 4x? + 4x —3>0

5  Find the set of values of x for which 12 + x —x*>0

Extend

Find the set of values which satisfy the following inequalities.
6 xX+x<6

7 x(2x-9)<-10

8 6x2>15+x
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Answers - Quadratic inequalities
1 -7<x<4

2 X<-20rx>6

3 E<x<3
2
4 x<-—-_orx>_
2 2
5 3<x<4
6 -3<x<2
7 2<x<2£
2
8 xs—iorng
2 3
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13 - Sketching cubic and reciprocal graphs

A LEVEL LINKS
Scheme of work: le. Graphs — cubic, quartic and reciprocal

Key points

e The graph of a cubic function, fora<o0
which can be written in the
formy=ax®+ bx? + cx + d,
where a # 0, has one of the

shapes shown here. Y “jy X Y= \
/ 0 % ol \ >

special case:a =1 special case:a = —1

e The graph of a reciprocal Y fora>0 i fora <0
a
function of the form ¥ = — has
X

0 x 0 %
one of the shapes shown here. AW F

e To sketch the graph of a function, find the points where the graph intersects the axes.

¢ To find where the curve intersects the y-axis substitute x = 0 into the function.

e To find where the curve intersects the x-axis substitute y = 0 into the function.

e Where appropriate, mark and label the asymptotes on the graph.

o Asymptotes are lines (usually horizontal or vertical) which the curve gets closer to but never
touches or crosses. Asymptotes usually occur with reciprocal functions. For example, the

a
asymptotes for the graph of ¥ = < are the two axes (the lines y= 0 and x = 0).

e At the turning points of a graph the gradient of the curve is 0 and any tangents to the curve at
these points are horizontal.

e Adouble root is when two of the solutions are equal. For example (x — 3)%(x + 2) has a
double root at x = 3.

e When there is a double root, this is one of the turning points of a cubic function.
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Examples

Example 1

Example 2
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Sketch the graph of y = (x = 3)(x — 1)(x + 2)

for the correct shape.

To sketch a cubic curve find intersects with both axes and use the key points above

Whenx=0,y=(0-3)(0-1)(0+2)
=(-3)x(-)x2=86
The graph intersects the y-axis at (0, 6)

Wheny =0, x—3)(x —1)(x+2)=0
Sox=3,x=1orx=-2
The graph intersects the x-axis at
(-2,0), (1,0) and (3, 0)
1y
6

N/ %

fz 0

1 Find where the graph intersects the
axes by substituting x =0and y = 0.
Make sure you get the coordinates
the right way around, (X, ).

2 Solve the equation by solving

X—3=0,x—1=0andx+2=0

3 Sketch the graph.

a =1 > 0 so the graph has the shape:

fora>0

Sketch the graph of y = (x + 2)2(x — 1)

for the correct shape.

To sketch a cubic curve find intersects with both axes and use the key points above

Whenx=0,y=(0+2)20-1)
=2x(-1)=—4
The graph intersects the y-axis at (0, —4)

Wheny =0, (x+2)’(x—1)=0
Sox=-2orx=1

(—2,0) is a turning pointas X =—2 is a

double root.

The graph crosses the x-axis at (1, 0)
YA

__I 0 1

o]

1 Find where the graph intersects the
axes by substituting x =0 and y= 0.

2 Solve the equation by solving

X+2=0andx—-1=0

3 a=1>0sothe graph has the shape:

fora>0




Practice - Sketching cubic and reciprocal graphs

1  Here are six equations.

5

A y=_ B y=x*+3x-10
X

D y=1-3x2-x° E y=x-3x-1

Here are six graphs.
i i
y
normal

tangent

C y=x3+3x?

F X+y

/

e 7

5

ke

Vi

~ -

a  Match each graph to its equation.

=5

Hint

Find where each
of the cubic
equations cross
the y-axis.

tangent \\

ya

normal

O X

e

b Copy the graphs ii, iv and vi and draw the tangent and normal each at point P.

Sketch the following graphs
2 y=2¢
4 y=x+DXx+4)(Xx-3)

6 y=(x-3)2x+1)

3
8 y="—
X a
Hint: Look at the shape of y= —
X
in the second key point.
Extend

10 Sketch the graph of y = L
X+2
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11 Sketch the graph of y = .1

y=x(x-2)(x+2)

y=(x+1)x

-2)(1-x)

y=(x-1)(x-2)

2
y:_
X

1




Answers - Sketching cubic and reciprocal graphs

1 a i1-C
ii—E
iii—B
iv—A
v-F
vi—-D
b i : \Y y

/ normal
\ 1)

0 %
tangent >
(0] X
P tangent
normal

Vi YA

\v\
/
Y

tangent P

normal

YA

I~
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0

M

y A

U

11

.

10
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14 - Translating graphs

A LEVEL LINKS
Scheme of work: 1f. Transformations — transforming graphs — f(x) notation

Key points
e The transformationy = f(x) tais a 4 y=1fk)+a
translation of y = f(x) parallel to the y-axis;
it is a vertical translation. /y = ()
a
As shown on the graph,
= flx) —
o y=1f(x)+atranslates y = f(x) up \ /y (’f) :
o y=f(x)—a translates y = f(x) down. \\0 / £
—a
e The transformationy =f(x + a) isa
translation of y = f(x) parallel to the x-axis; y=flx+a) vy y=f y = flx —a)
it is a horizontal translation.
As shown on the graph,
o Yy=f(x+ a) translates y = f(x) to the left
o y=f(x—a) translates y = f(x) to the right. i > - R
Examples
Ui
Example 1 The graph shows the function y = f(x). 9
y =
Sketch the graph of y = f(x) + 2.
0 Y
L y=1f(x) +2 For the function y = f(x) + 2 translate

-

(0] x

the functiony =

f(X) 2 units up.
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ys
Example 2 The graph shows the function y = f(x).
y =flx)
Sketch the graph of y = f(x — 3).

20 x
= For the function y = f(x — 3) translate
the function y = f(x) 3 units right.

y="1flx-3)
—=2.01 9 X
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Practice - Translating graphs

1 The graph shows the function y = f(x).
Copy the graph and on the same axes sketch and
label the graphs of y = f(x) + 4 and y = f(x + 2).

2  The graph shows the function y = f(x).
Copy the graph and on the same axes sketch and
label the graphs of y = f(x + 3) and y = f(x) — 3.

3 The graph shows the function y = f(X).

Copy the graph and on the same axes sketch the
graph of y=f(x — 5).

4 The graph shows the function y = f(x) and two tr:
Write down the equations of the translated curves C; and

5  The graph shows the function y = f(x) and two
transformations of y = f(x), labelled C;and C..

Write down the equations of the translated curves
C: and Czin function form.
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y

4

y = flx)

0

Y

_enp |0 x
y
2.
y = f(x) -H "G,
270° —180° —d0° O\ 9% 270°%
7\
/ \
- 2- (,2/
,3—- p— /
Ly
y = f(x) b
~C,
x




6  The graph shows the function y = f(x).

a  Sketch the graph of y = f(x) + 2

= M i

b Sketch the graph of y = f(x + 2)

-

M -"E'
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14 - Stretching graphs

A LEVEL LINKS
Scheme of work: 1f. Transformations — transforming graphs — f(x) notation
Textbook: Pure Year 1, 4.6 Stretching graphs

Key points
U3 |
e The transformation y = f(ax) is a horizontal . H y T f‘ﬁ"_ L{’/q f(~3x)
stretch of y = f(x) with scale factor 1 \ f ' »
_ a —1B0Y) /- 9 0°
parallel to the x-axis. i ~
L i
e The transformation y = f(—ax) is a — 7T
horizontal stretch of y = f(x) with scale = ﬂ’f)\ vyt 3“?

1 f
factor — parallel to the x-axis and then a [\ ﬂi
a

ﬁ

reflection in the y-axis.

T 1 1
= 2f
e The transformation y = af(x) is a vertical 2 ? (".\')
stretch of y = f(x) with scale factor a 4 -y T fx)
parallel to the y-axis. |

—180°| —98° ﬂ 9 : o X

L) T
e The transformation y = —af(x) is a vertical o TR f‘(JT > 9, 2
stretch of y = f(x) with scale factor a / / \/1
parallel to the y-axis and then a reflection \ \
in the x-axis. —180°| —88° | )\ o X
N 4 I |
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Examples
Example 3 The graph shows the function y = f(x).

Sketch and label the graphs of
y = 2f(x) and y = —f(X).

Ly

N

— 1883 —90° o9° | 180°

= 2f(x)

hOND i
=
|

o
/S
Wi

The function y = 2f(x) is a vertical
stretch of y = f(x) with scale
factor 2 parallel to the y-axis.

The functiony =—f(x) isa
reflection of y = f(x) in the

vdi = i
Y = () s y =|—f(x) X-axis.
Example 4  The graph shows the function y = f(x). 1y
Sketch and label the graphs of . y = flx)
y = f(2x) and y = f(-x). ' = |
—1Bog —90° L &| | 9p° | 1d0°¥

A
21y = T2Zp
— 4' \ll - f(}:’
= 1 B (9 0 1 \9( Oo 3‘
y = f(—x)
=2

The function y = f(2x) is a horizontal
stretch of y = f(x) with scale factor

; parallel to the x-axis.

The function y = f(—x) is a reflection
of y = f(x) in the y-axis.
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Practice- Stretching graphs

7 The graph shows the function y = f(x).

a Copy the graph and on the same axes
sketch and label the graph of y = 3f(x).

b  Make another copy of the graph and on
the same axes sketch and label the graph

of y = f(2x).

8  The graph shows the function y = f(x).
Copy the graph and on the same axes
sketch and label the graphs of
y=-2f(x) and y = f(3x).

9  The graph shows the function y = f(x).
Copy the graph and, on the same axes,
sketch and label the graphs of

y=—f(x) and y=f (1x).

10 The graph shows the function y = f(x).
Copy the graph and, on the same axes,
sketch the graph of y = —f(2x).

11 The graph shows the function y = f(x) and a

transformation, labelled C.

Write down the equation of the translated

curve C in function form.
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y = flx)
0 | 3
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y = flx)
0 .1
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EEHEN

12 The graph shows the function y = f(x) and a ' \2 g1 ¢ ?
transformation labelled C. — Tk ]
Write down the equation of the translated l | N
curve C in function form. B s 8 4 ° | 180°%

AL LN ]
2 I

s II
13 The graph shows the function y = f(x). ,Ir
a  Sketch the graph of y = —f(x). \ /
b  Sketch the graph of y = 2f(x).
_f (o] A
f

Extend

14 a  Sketch and label the graph of y = f(x), where f(x) = (x — 1)(x + 1).
b  On the same axes, sketch and label the graphs of y = f(x) — 2 and y = f(x + 2).

15 a  Sketch and label the graph of y = f(x), where f(x) = —(x + 1)(x — 2).
b On the same axes, sketch and label the graph of y= f (- 1x).
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Answers- Translating and Stretching graphs

1 2
Ya
y="1x)+4
=flx+ 2
e y = )
> y =flx+3)
_4\’%/ s
(-2,-2)"2

yA
y = f(x)
y="Ff(x-05)
TT0NA x

4 Cpy=f(x-90°)

Cory=1(x)-2
5 Cuy=f(x-5)
Cory=f(x)-3
6 a b
A Uk
1 y = + 2 =21,
Ja/3 24N {1\ 2 7
| J / / o \y::f(x)
2/19 N\ A 3 =2
il
=2
y = flx)
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b
1 UF
i
A g Y= 1 )
20 Gl R y =)
_ngi‘ ] = 2 ¥
8 9
1 4= @0 ¥
¥ = ft) \ =1
X1/ / ;
Y= 15x)
X D x
y 5 —2flx) \ v F —{ft)
il I
10
Uk
/ 4 y = f(—2x)
11 y=1(2x)
12 y=-2f(2x) or y = 2(-2x)
13 a b
\ Uk | R [
'E 2f(.t)[
y = 11\ f§ =1 [[4=1w
N/ 11
/1,
X (0] X
B I
/ \ Il
|
] [
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14

15

y="flx+2)

A \\
Lia 2 410 2 4
// / @ \\\y =+ f(+ 2x
/ /
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15 - Straight line graphs

A LEVEL LINKS

Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

e Astraight line has the equation y = mx + ¢, where m is (0 )

the gradient and c is the y-intercept (where x = 0).

e The equation of a straight line can be written in the form
ax + by + ¢ =0, where a, b and c are integers.

o When given the coordinates (x1, y1) and (X2, y2) of two
points on a line the gradient is calculated using the

yz_yl

X, =X

formula m=

Examples

¢ gradientm = —

T X

y=mx+c

0 X
(x,, !v|'|)/

Example 1 A straight line has gradient 1 and y-intercept 3.
2

Write the equation of the line in the form ax + by + ¢ = 0.

U,y

1

1
m=-—andc=3
2

Soy= xes
2

Ex+y—3=0
2

X+2y—6=0

1 A straight line has equation
y = mx + c. Substitute the gradient
and y-intercept given in the question
into this equation.

2 Rearrange the equation so all the
terms are on one side and 0 is on
the other side.

3 Multiply both sides by 2 to
eliminate the denominator.

Example 2  Find the gradient and the y-intercept of the line with the equation 3y —2x + 4 = 0.

y—2x+4=0
y=2x—4

2 4
y=_X—_

3 3

. 2
Gradient=m= _
3

3

. 4
y-intercept =c = —

1 Makey the subject of the equation.

2 Divide all the terms by three to get
the equation in the formy = ...

3 Inthe form y = mx + c, the gradient
is m and the y-intercept is c.
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Example 3

Find the equation of the line which passes through the point (5, 13) and has gradient 3.

m=3
y=3x+c

13=3x5+¢
13=15+c¢

c=-2
y=3x—2

1 Substitute the gradient given in the

guestion into the equation of a
straight line y = mx + c.

2 Substitute the coordinates x = 5 and

y = 13 into the equation.

3 Simplify and solve the equation.

4 Substitute ¢ = —2 into the equation

y=3x+c

Example 4 Find the equation of the line passing through the points with coordinates (2, 4) and (8, 7).

8l|Page

X, =2, X,=8, y,=4and y,=7
moY2=Y1_7-4_3 1
Xo—X1 8-2 6 2
1
y=_X+¢C
2
4:E><2+C
2
c=3
y=ix+3
2

1 Substitute the coordinates into the

equation m _ Y27 to work out
Xp =X

the gradient of the line.

2 Substitute the gradient into the

equation of a straight line
y=mx+c.

3 Substitute the coordinates of either

point into the equation.

4 Simplify and solve the equation.

Substitute ¢ = 3 into the equation

1
y=_X+C
2




Practice- Straight line graphs

1  Find the gradient and the y-intercept of the following equations.

_ 1

a y=3x+5 b y——EX—7

c 2y=4x-3 d X+y=>5 Hint _
Rearrange the equations

e 2x-3y-7=0 f 5x+y-4=0 to the formy=mx + ¢

2 Copy and complete the table, giving the equation of the line in the form y=mx + c.

Gradient y-intercept | Equation of the line

5 0
-3 2
4 -7

3 Find, in the form ax + by + ¢ = 0 where a, b and c are integers, an equation for each of the lines
with the following gradients and y-intercepts.

a gradient —f, y-intercept —7 b gradient 2, y-intercept 0
2

c gradient E y-intercept 4 d gradient-1.2, y-intercept —2
3

4 Write an equation for the line which passes though the point (2, 5) and has gradient 4.

5  Write an equation for the line which passes through the point (6, 3) and has gradient —2_
3

6  Write an equation for the line passing through each of the following pairs of points.

a 4,5, (10,17 b (0,6), (-4,8)
c (-1,-7), (5,23) d (3,10), 4,7)
Extend

7  Theequation of alineis 2y + 3x—-6=0.
Write as much information as possible about this line.
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Answers- Straight line graphs

1 a m=3c=5 b m=-,c=-7
2
c m=2,c=—§ d m=-1,c=5
e m=3,c=—10r—2 f m=-5-c=4
3 3 3
2
Gradient y-intercept | Equation of the line
5 0 y = 5X
-3 2 y=-3x+2
4 -7 y =4x—7
3 a x+2y+14=0 b 2x-y=0

c 2x-3y+12=0 d 6x+5y+10=0

4 y=4x-3
5 y=—3x+7
3
_ 1
6 a y=2x-3 b y——zx+6
c y=5x-2 d y=-3x+19

3 ... 3
7 y=-_x+3,thegradientis — _ and the y-intercept is 3.

2 2
The line intercepts the axes at (0, 3) and (2, 0). (

: : . : : 3
Students may sketch the line or give coordinates that lie on the line such as |1, _2\| or (4, —3) :

N
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16 - Parallel and perpendicular lines

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

e When lines are parallel they have the same

gradient.

e Aline perpendicular to the line with equation
y=mXx + ¢ has gradient L

Examples

m

y

\ e gradient = —%

> perpendicular
lines

/ N\
parallel lines
gradient = m

Example 1  Find the equation of the line parallel to y = 2x + 4 which passes through
the point (4, 9).

y=2x+4
m=2
y=2Xx+c

9=2x4+¢c
9=8+c

c=1
y=2x+1

1 Asthe lines are parallel they have
the same gradient.

2 Substitute m = 2 into the equation of
a straight liney = mx +c.

3 Substitute the coordinates into the
equationy =2x +c¢

4 Simplify and solve the equation.

5 Substitute ¢ = 1 into the equation
y=2x+c

Example 2 Find the equation of the line perpendicular to y = 2x — 3 which passes through
the point (-2, 5).

w

y=2x-
m=2

TR

11
mo 2

y=-_X+cC

=

5=—_ x(-2)+c¢

5=1+c¢
c=4

=——X+4
y 2

1 As the lines are perpendicular, the
gradifnt of the perpendicular line
is —_ .
" 1
2 Substitute m= —_intoy=mx +c.
2
3 Substitute the coordinatgs (-2,5)

into the equation y=—_X+c¢C
2
4 Simplify and solve the equation.

. . 1
5 Substitutec=4into y=—_X+CcC.
2

Example 3 A line passes through the points (0, 5) and (9, —1).
Find the equation of the line which is perpendicular to the line and passes through
its midpoint.
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X, =0, x,=9, y,=5and y,=-1
_Y2—Y1_=1=5

m
X, —X% 9-0
_=6__2
9 3
_1:3
m 2
3
y=_Xx+¢C
2
Midpoint=(0+9,5+(_1) = 9,2
L—z——z— 2
3 9
2= X +¢C
2 2
19
=z
3 19
y= X-
2 b

Substitute the coordinates into the

Y27 Y1 46 work out

X =%
the gradient of the line.

equation m=

As the lines are perpendicular, the
gradient of the perpendicular line
is —i.

m
Substitute the gradient into the
equation 'y = mx + c.

Work out the coordinates of the
midpoint of the line.

Substitute the coordinates of the
midpoint into the equation.

Simplify and solve the equation.

Substitute c=—"_into the equation
4
3
y=_X+cC.
2




Practice - Parallel and perpendicular lines

1  Find the equation of the line parallel to each of the given lines and which passes through each of
the given points.

a y=3x+1 (3,2 b y=3-2x (1,3)
cC 2x+4y+3=0 (6,-3) d 2y-3x+2=0 (8,20)
. . . . 1 . Hint
2  Find the equation of the line perpendicular to y = = x — 3 which a .
2 If m= £ then the negative
passes through the point (-5, 3). b 1 b
reciprocal -—=-—=
m a

3 Find the equation of the line perpendicular to each of the given lines and which passes through
each of the given points.

a y=2x-6 (4,0) b y=-x+1 (213
3 2
c Xx-4y-4=0 (5,15 d 5y+2x-5=0 (6,7)

4 Ineach case find an equation for the line passing through the origin which is also perpendicular
to the line joining the two points given.

a (4: 3): (_2: _9) b (07 3)7 (_107 8)
Extend
5  Work out whether these pairs of lines are parallel, perpendicular or neither.
a y=2x+3 b y = 3x c y=4x-3
y=2x-7 2x+y-3=0 4y +x=2
d 3x-y+5=0 e 2x+5y—-1=0 f 2X-y =6
Xx+3y=1 y=2x+7 6x—-3y+3=0

6  The straight line L, passes through the points A and B with coordinates (-4, 4) and (2, 1),
respectively.

a  Find the equation of L in the form ax + by + ¢ =0

The line L is parallel to the line L; and passes through the point C with coordinates (-8, 3).
b Find the equation of L, in the formax + by+c=0

The line Ls is perpendicular to the line L, and passes through the origin.
¢ Find an equation of L
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Answers- Parallel and perpendicular lines

1 a y=3x-7 b y=-2x+5
1 3
= — = _ +
c Y EX d y 2x 8
2 y=-2x-7
3 a y=-1x+2 b y=3x+7
2
c y=-4x+35 d y=Ex—8
2
4 a y=—%x b y=2x
5 a Parallel b Neither c Perpendicular
d Perpendicular e Neither f Parallel
6 a x+2y-4=0 b X+2y+2=0 c y =2X
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17 - Pythagoras’ theorem

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points
e Inaright-angled triangle the longest side is called the
hypotenuse. ¢

e Pythagoras’ theorem states that for a right-angled triangle a
the square of the hypotenuse is equal to the sum of the

squares of the other two sides. b
c2=a2+h?
Examples
Example 1 Calculate the length of the hypotenuse. X
Give your answer to 3 significant figures. Scm
8 cm
c2=a’+h? 1 Always start by stating the formula

for Pythagoras’ theorem and

) Y labelling the hypotenuse ¢ and the
Aty ¢ F other two sides a and b.
b

Scm

x? =52 + 82 2 Substitute the values of a, band ¢

x2=25+64 into the formula for Pythagoras'

x? =89 theorem.

x=.89 3 Use a calculator to find the square
root.

x=943398]113... 4 R_ound your answer to ?,_sign_ificant

X =943 cm figures and write the units with your
answer.
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Example 2
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Calculate the length x.

Give your answer in surd form.

10 cm

c’=a’+h?

102=x2 + 42
100 =x?+16
X2 = 84
x=~B4
x=221 cm

Always start by stating the formula
for Pythagoras' theorem.

Substitute the values of a, b and ¢
into the formula for Pythagoras'
theorem.

Simplify the surd where possible
and write the units in your answer.




Practice- Pythagoras’ theorem

1 Work out the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.
a b
5

a 5cm

S5cm 5em

9cm 7

Scm

4 cm
d
47 mm

2 Work out the length of the unknown side in each triangle.
Give your answers in surd form.

a

35 mm

/

b

e
4cm L
4cm 8cm
10 cm
C d
72 mny g 76 mm h
64 mm
86 mm
3 Work out the length of the unknown side in each triangle.
Give your answers in surd form.
a w b 24 mm
wnml X V
34 mm
c d
84 mnij | 30 mm 8 mm
.1l
.“ )
4 A rectangle has length 84 mm and width 45 mm. Hint
Calculate the length of the diagonal of the rectangle.
Give your answer correct to 3 significant figures. Draw a sketch of the rectangle.
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Extend

5 Avyachtis 40 km due North of a lighthouse.
A rescue boat is 50 km due East of the same lighthouse.
Work out the distance between the yacht and the rescue boat.
Give your answer correct to 3 significant figures.

6 Points A and B are shown on the diagram.
Work out the length of the line AB.
Give your answer in surd form.
,“

Hint

Draw a diagram using
the information given
in the question.

A
x B4, 7)
x A(1,1) 2
— i
B C
7 Acube has length 4 cm. I D
Work out the length of the diagonal AG. = T
Give your answer in surd form. HaEN
F)_ P G
4
/
E 4em H
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Answers- Pythagoras’ theorem

1

a 10.3cm

c 58.6 mm
a 48 cm
¢ 847 mm
a 1843 mm
c 42 mm
95.3 mm

64.0 km

3./5 units
4./3 cm
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7.07 cm

8.94 cm
2.£1 cm
186 mm
2./145 mm
689 mm



18 - Direct and Inverse Proportion

A LEVEL LINKS

Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

e Two gquantities are in direct proportion when, as one
quantity increases, the other increases at the same rate.
Their ratio remains the same.

Y =kx
where k is
the gradient

e ‘yisdirectly proportional to x* is written as y oc X.
Ify oc x theny = kx, where k is a constant.

e When x is directly proportional to y, the graph is a
straight line passing through the origin.

e Two quantities are in inverse proportion when, as one guantity
increases, the other decreases at the same rate.

e ‘yisinversely proportional to x’ is written as y oc 1.
X

Ify c L theny= K where k iis a constant.
X X

o When x is inversely proportional to y the graph is the same shape
as the graph of y =1

Examples

Example 1 y is directly proportional to x.
Wheny =16,x=5.
a Find x wheny = 30.

b  Sketch the graph of the formula.

y

(0]

Yoo X

y = kx
16=kx5

k=32
y =3.2x
Wheny = 30,

30=3.2xXx
X =9.375

Write y is directly proportional to X,
using the symbol oc.

Write the equation using k.
Substitute y = 16 and x = 5 into

y = kx.

Solve the equation to find k.

Substitute the value of k back into
the equation y = kx.

Substitute y = 30 into y = 3.2x and
solve to find x when y = 30.
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Example 2

Example 3
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7 The graph of y = 3.2x is a straight
line passing through (0, 0) with a
gradient of 3.2.

y is directly proportional to x2.
When x =3,y =45,

a Findywhenx=5.

b  Find x wheny = 20.

a yocX2

y = kx?
45 =k x 32

k=5
y = 5x?

When x =5,
y=5x5?
y =125

b 20 =5 x x?
X2 =4
X=+2

1 Writey is directly proportional to x2,
using the symbol oc.

N

Write the equation using k.

3 Substitute y = 45 and x = 3 into

y = kx2,

Solve the equation to find k.
Substitute the value of k back into
the equation y = kx2.

[Sa I

6 Substitute x =5 into y = 5x2 and
solve to find y when x= 5.

7 Substitute y = 20 into y = 5x? and
solve to find x wheny = 4.

P is inversely proportional to Q.
When P =100, Q = 10.
Find Q when P = 20.

P OCE
Q
P — K
Q
10021
10
k = 1000
p_ 1000
Q
20 = 1000
Q
Q- 1000 _50
20

1 Write P is inversely proportional
to Q, using the symbol oc.

2 Write the equation using k.
3 Substitute P =100 and Q = 10.

Solve the equation to find k.
Substitute the value of k into P = £

Q

6 Substitute P=20into P :M and

Q
solve to find Q when P = 20.




Practice - Direct and Inverse Proportion

1 Paul gets paid an hourly rate. The amount of pay (£P) is directly
proportional to the number of hours (h) he works.
When he works 8 hours he is paid £56.
If Paul works for 11 hours, how much is he paid?

2 xisdirectly proportional to y.
x=35wheny=>5.

a Find a formula for x in terms of y.
Sketch the graph of the formula.
Find x wheny = 13.

Find y when x = 63.

o O T

3 Qs directly proportional to the square of Z.
Q=48whenZz=4.

a Findaformula for Q in terms of Z.
Sketch the graph of the formula.
Find Q when Z = 5.

Find Z when Q = 300.

o O T

4 vy isdirectly proportional to the square of x.
X =2 wheny=10.

a  Find a formula for y in terms of X.
b  Sketch the graph of the formula.
¢ Find xwheny =90.

5 B s directly proportional to the square root of C.
C =25 when B = 10.
a Find B when C = 64.

b  Find C when B = 20.

6 Cisdirectly proportional to D.
C =100 when D = 150.
Find C when D = 450.

7 yisdirectly proportional to X.
X=27wheny=29.
Find x wheny=3.7.

8 m s proportional to the cube of n.
m =54 whenn=3.
Find n when m = 250.
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Hint

Substitute the values
given for P and h
into the formula to
calculate k.




Extend

9 sisinversely proportional to t.
a Giventhats=2whent =2, find a formula for s in terms of t.
b Sketch the graph of the formula.
¢ Findtwhens=1.

10 aisinversely proportional to b.
a=5whenb=20.

a Find a when b=50.
b  Find b when a =10.

11 visinversely proportional to w.
w =4 when v = 20.

a Find a formula for v in terms of w.
b Sketch the graph of the formula.
¢ Findwwhenv=2,

12 L isinversely proportional to W.
L=12when W = 3.
Find W when L = 6.

13 sisinversely proportional to t.
s=6whent=12.

a Findswhent=3.
b  Find twhens=18.

14 yisinversely proportional to x.
y=4whenx =2,
Find y when x = 4.

15 vy is inversely proportional to the square root of x.
x=25wheny=1.
Find x wheny=15.

16 aisinversely proportional to b.
a=0.05whenb =4.

a Findawhenb=2.
b Findbwhena=2.
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Answers - Direct and Inverse Proportion

1 £77

2 a Xx=7y
c 91

3 a Q=37
c 75

4 a y=25x?

c 6
5 a 16
6 300
7 111
8 5

4
9 a S=_
t

c 4

10 a 2
80
11 a V=—
w

c 40
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12 6

13 a 24
14 1
15 1
16 a 01
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19 - Circle theorems

A LEVEL LINKS
Scheme of work: 2b. Circles — equation of a circle, geometric problems on a grid

Key points

e Achord is a straight line joining two points on
the circumference of a circle.
So AB is a chord.

e

e Atangent is a straight line that touches the
circumference of a circle at only one point.
The angle between a tangent and the radius is 90°.

tangent

e Two tangents on a circle that meet at a point
outside the circle are equal in length.
So AC = BC.

e The angle in a semicircle is a right angle.
So angle ABC =90°.

e When two angles are subtended by the same arc,
the angle at the centre of a circle is twice the
angle at the circumference.

So angle AOB =2 x angle ACB.

e Angles subtended by the same arc at the
circumference are equal. This means that angles
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in the same segment are equal.
So angle ACB = angle ADB and
angle CAD = angle CBD.

T~

e Acyclic quadrilateral is a quadrilateral with all v
four vertices on the circumference of a circle.
Opposite angles in a cyclic quadrilateral total 180°.

Sox+y=180°and p + q =180°. A
Lo

e The angle between a tangent and chord is equal
to the angle in the alternate segment, this is
known as the alternate segment theorem.

So angle BAT = angle ACB.

Examples
Example 1 Work out the size of each angle e
marked with a letter. %
Give reasons for your answers. 7
D)
Angle a = 360° — 92° 1 The angles in a full turn total 360°.
= 268°
as the angles in a full turn total 360°.
Angle b =268° + 2 2 Angles a and b are subtended by
=134° the same arc, so angle b is half of
as when two angles are subtended by the angle a.

same arc, the angle at the centre of a
circle is twice the angle at the
circumference.
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Example 2

Example 3

Example 4
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Work out the size of the angles in the triangle.

Give reasons for your answers.

e

Angles are 90°, 2c and c.

90° + 2c + ¢ =180°
90° + 3c = 180°

3c=90°
c=30°
2¢c =60°

The angles are 30°, 60° and 90° as the
angle in a semi-circle is a right angle
and the angles in a triangle total 180°.

1 Theangle in a semicircle is a right
angle.

N

Angles in a triangle total 180°.
3 Simplify and solve the equation.

Work out the size of each angle marked with a letter.

Give reasons for your answers.

A\

v

Angle d = 55° as angles subtended by
the same arc are equal.

Angle e = 28° as angles subtended by
the same arc are equal.

1 Angles subtended by the same arc
are equal so angle 55° and angle d
are equal.

2 Angles subtended by the same arc
are equal so angle 28° and angle e
are equal.

Work out the size of each angle marked with a letter.

Give reasons for your answers.

Angle f =180° — 94°

=86°
as opposite angles in a cyclic
quadrilateral total 180°.

1 Opposite angles in a cyclic
quadrilateral total 180° so angle 94°
and angle f total 180°.

(continued on next page)




Example 5

Example 6
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Angle g = 180° — 86°
= 84°
as angles on a straight line total 180°.

Angle h = angle f = 86° as angles
subtended by the same arc are equal.

2 Angles on a straight line total 180°
so angle f and angle g total 180°.

3 Angles subtended by the same arc
are equal so angle f and angle h are
equal.

Work out the size of each angle marked with a letter.

Give reasons for your answers.

Angle i = 53° because of the alternate
segment theorem.

Angle j = 53° because it is the alternate
angle to 53°.

Angle k = 180° — 53° — 53°
=74°
as angles in a triangle total 180°.

1 The angle between a tangent and
chord is equal to the angle in the
alternate segment.

2 As there are two parallel lines, angle
53¢ is equal to angle j because they
are alternate angles.

3 The angles in a triangle total 180°,
soi+j+k=180°.

XZ and YZ are two tangents to a circle with centre O.
Prove that triangles XZO and YZO are congruent.

Angle OXZ =90° and angle OYZ = 90°
as the angles in a semicircle are right
angles.

OZ is a common line and is the
hypotenuse in both triangles.

OX = OY as they are radii of the same
circle.

So triangles XZO and YZO are
congruent, RHS.

For two triangles to be congruent you
need to show one of the following.

o All three corresponding sides are
equal (SSS).

e Two corresponding sides and the
included angle are equal (SAS).

e One side and two corresponding
angles are equal (ASA).

e Aright angle, hypotenuse and a
shorter side are equal (RHS).




Practice - Circle theorems

1 Work out the size of each angle marked with a letter.
Give reasons for your answers.

a b
C d
P
gy
p
e
2 Work out the size of each angle marked with a letter.

Give reasons for your answers.

a b —
( ‘ev
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3

)

Hint

The reflex angle at point O and
angle g are subtended by the
same arc. So the reflex angle is
twice the size of angle g.

Hint

Angle 18° and angle h are
subtended by the same arc.

Work out the size of each angle marked with a letter.

d
/
Give reasons for your answers.
a
c
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b

>

ey

Hint

One of the angles is
in a semicircle.




4

Work out the size of each angle marked with a letter.

Give reasons for your answers.

A

N

Extend

5 Prove the alternate segment theorem.
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Hint

An exterior angle of a
cyclic quadrilateral is
equal to the opposite
interior angle.

Hint

One of the angles
is in a semicircle.




Answers - Circle theorems

1 a a=112° angle OAP =angle OBP = 90° and angles in a quadrilateral total 360°.
b = 66°, triangle OAB is isosceles, Angle OAP = 90° as AP is tangent to the circle.

¢ €=126° triangle OAB is isosceles.
d = 63°, Angle OBP =90° as BP is tangent to the circle.

d e =44° the triangle is isosceles, so angles e and angle OBA are equal. The angle OBP = 90°
as BP is tangent to the circle.
f=292°, the triangle is isosceles.

e g=62° triangle ABP is isosceles as AP and BP are both tangents to the circle.
h = 28°, the angle OBP = 90°.

2 a a=130° anglesina full turn total 360°.
b = 65°, the angle at the centre of a circle is twice the angle at the circumference.
¢ = 115°, opposite angles in a cyclic quadrilateral total 180°.

b d=36° isosceles triangle.
e = 108°, angles in a triangle total 180°.
f=54°, angle in a semicircle is 90°.

c g=127° angles at a full turn total 360°, the angle at the centre of a circle is twice the angle
at the circumference.

d h=236° the angle at the centre of a circle is twice the angle at the circumference.

3 a a=25° angles in the same segment are equal.
b = 45°, angles in the same segment are equal.

b ¢ =44° angles in the same segment are equal.
d = 46°, the angle in a semicircle is 90° and the angles in a triangle total 180°.

c e =48° the angle at the centre of a circle is twice the angle at the circumference.
f=48°, angles in the same segment are equal.

d g =100° angles at a full turn total 360°, the angle at the centre of a circle is twice the angle
at the circumference.
h =100°, angles in the same segment are equal.

4 a a=75° opposite angles in a cyclic quadrilateral total 180°.
b = 105°, angles on a straight line total 180°.
¢ = 94°, opposite angles in a cyclic quadrilateral total 180°.

b d=92° opposite angles in a cyclic quadrilateral total 180°.
e = 88°, angles on a straight line total 180°.
f=92° angles in the same segment are equal.

h =80°, alternate segment theorem.

d g =35° alternate segment theorem and the angle in a semicircle is 90°.
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5 Angle BAT =x.

Angle OAB = 90° — x because the angle between
the tangent and the radius is 90°.

OA = OB because radii are equal.

Angle OAB = angle OBA because the base of
isosceles triangles are equal.

Angle AOB = 180° — (90° — x) — (90° — X) = 2x
because angles in a triangle total 180°.

Angle ACB = 2x + 2 = x because the angle at the
centre is twice the angle at the circumference.
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20 - Trigonometry

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs

Key points

¢ Inaright-angled triangle:

o the side opposite the right angle is called the hypotenuse
o the side opposite the angle @ is called the opposite opposite
o the side next to the angle @ is called the adjacent.

hypotenuse

1

adjacent
¢ Inaright-angled triangle:

o theratio of the opposite side to the hypotenuse is the sine of angle 6, sin0 = Op_p
hyp
o theratio of the adjacent side to the hypotenuse is the cosine of angle 8, cos0 = ﬂ
hyp
O

the ratio of the opposite side to the adjacent side is the tangent of angle 9, tan = opp

adj

If the lengths of two sides of a right-angled triangle are given, you can find a missing angle
using the inverse trigonometric functions: sin”!, cos™!, tan™".

The sine, cosine and tangent of some angles may be written exactly.

0 30° 45° 60° 90°
sin 0 3 2 @ 1
cos 1 S £z : 0
tan 0 N 1 J3
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Examples

Example 1

Example 2
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Calculate the length of side x.

Give your answer correct to 3 significant figures.

1

2

cos25°= _ 3
X

X = 6 4
cos 25°

X=6.6202675... 5

X=6.62cm 6

Always start by labelling the sides.

You are given the adjacent and the
hypotenuse so use the cosine ratio.

Substitute the sides and angle into
the cosine ratio.

Rearrange to make x the subject.

Use your calculator to work out

6 + cos 25°.

Round your answer to 3 significant
figures and write the units in your
answer.

Calculate the size of angle x.
Give your answer correct to 3 significant figures.

45¢cm

Always start by labelling the sides.

You are given the opposite and the
adjacent so use the tangent ratio.

Substitute the sides and angle into
the tangent ratio.

Use tan! to find the angle.

Use your calculator to work out
tan'i(3 + 4.5).

Round your answer to 3 significant
figures and write the units in your
answer.




Example 3
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Calculate the exact size of angle x.

V3em

1 Always start by labelling the sides.

2 You are given the opposite and the
adjacent so use the tangent ratio.

3 Substitute the sides and angle into
the tangent ratio.

4 Use the table from the key points to
find the angle.




Practice- Trigonometry

1  Calculate the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

a b

30°
7 cm

c d
X 6 cm
63"
e f
6.2 cm
\%
2 Calculate the size of angle x in each triangle.

Give your answers correct to 1 decimal place.

6.3 cm

a b
S5cm
7.5¢cm
=
4 cm
T
25cm

4cm
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3 Work out the height of the isosceles triangle.
Give your answer correct to 3 significant figures.

Hint:

Split the triangle into two
right-angled triangles.

4 Calculate the size of angle 6.
Give your answer correct to 1 decimal place.

Hint:

First work out the length of the
common side to both triangles,
leaving your answer in surd form.

5  Find the exact value of x in each triangle.

6 cm
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5cm

8ecm
3ecm ‘
7ecm
b
x \.@ cm
60°
d @
2cm




20 - The cosine rule

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs
Textbook: Pure Year 1, 9.1 The cosine rule

Key points A

e aisthe side opposite angle A.
b is the side opposite angle B. b
c is the side opposite angle C.

C - B

e You can use the cosine rule to find the length of a side when two sides and the included
angle are given.
e To calculate an unknown side use the formula a2 =b? + ¢2 —2bccos A.

e Alternatively, you can use the cosine rule to find an unknown angle if the lengths of all three

sides are given.
b? +¢? - a?

e To calculate an unknown angle use the formula cos A= .
2bc

Examples

Example 4 Work out the length of side w.
Give your answer correct to 3 significant figures.

1 Always start by labelling the angles
and sides.
a? =b? +c? —2bccos A 2 Write the cosine rule to find the
side.
W2 =82 +72 _2%x8x 7 xcos 45° 3 Substitute the values a, b and A into
the formula.
w2 = 33.804 040 51... 4 Use a calculator to find w? and
W= then w.
5 Round your final answer to 3
w=5.81cm significant figures and write the
units in your answer.
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Example 5
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Work out the size of angle 6.
Give your answer correct to 1 decimal place.

15cm
Tem

Q 10cm

0=122.878 349...

0=122.9°

Always start by labelling the angles
and sides.

Write the cosine rule to find the
angle.

Substitute the values a, b and ¢ into
the formula.

Use cos ™! to find the angle.

Use your calculator to work out
cos}(-76 + 140).

Round your answer to 1 decimal
place and write the units in your
answer.




Practice- The cosine rule

6  Work out the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

a b

w 10 cm 14 cm

d 55cm
\ﬁm

Calculate the angles labelled 6 in each triangle.
Give your answer correct to 1 decimal place.

152

Tcm a

a 9cm b
a
5 em 3I3mm
12cm 38 mm
36 mm
¢ 7.2cm d
€

8 cm 7.5cm
7.6 cm
13 cm
11.3cm
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8 a Work out the length of WY.
Give your answer correct to
3 significant figures.

b  Work out the size of angle WXY.
Give your answer correct to
1 decimal place.
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20 - The sine rule

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs
Textbook: Pure Year 1, 9.2 The sine rule

Key points A
e aisthe side opposite angle A. -
b is the side opposite angle B. b
c is the side opposite angle C.
C B

a

e You can use the sine rule to find the length of a side when its opposite angle and another
opposite side and angle are given.
a b _ C©
sinA sinB  sinC

e To calculate an unknown side use the formula

e Alternatively, you can use the sine rule to find an unknown angle if the opposite side and
another opposite side and angle are given.

« To calculate an unknown angle use the formula S A _SINB _sinC

a b c

Examples

Example 6 Work out the length of side x.
Give your answer correct to 3 significant figures.

1 Always start by labelling the angles
and sides.

a - _b 2 Write the sine rule to find the side.
sinA sinB
X L= _10 . 3 Substitute the values a, b, Aand B
sin36°  sin75 into the formula.
10 x sin 36°
X=" 4 Rearrange to make x the subject
sin 75° ge to make x the subject.
X = 6.09 cm 5 Round your answer to 3 significant
figures and write the units in your
answer.
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Example 7
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Work out the size of angle 6.
Give your answer correct to 1 decimal place.

14 cm

sinA_sinB

a b
sin@ sin127°

8 14
8xsinl27°
——
0=27.2°

sin® =

Always start by labelling the angles
and sides.

Write the sine rule to find the angle.
Substitute the values a, b, Aand B
into the formula.

Rearrange to make sin 6 the subject.

Use sin! to find the angle. Round
your answer to 1 decimal place and
write the units in your answer.




Practice — The sine rule

9  Find the length of the unknown side in each triangle.

b
b
10 cm
1057 40°

Give your answers correct to 3 significant figures.

10 Calculate the angles labelled & in each triangle.

Give your answer correct to 1 decimal place.

a
\Pen
? T4 cm
C
9.6 Scm
g 750
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48°

6.2 cm

& cm

85°

T.5cm

13 cm



11 a Workout the length of QS.
Give your answer correct to 3 significant figures.

b  Work out the size of angle RQS.
Give your answer correct to 1 decimal place.
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20 - Areas of triangles

A LEVEL LINKS

Scheme of work: 4a. Trigonometric ratios and graphs

Textbook: Pure Year 1, 9.3 Areas of triangles

Key points

e aisthe side opposite angle A.
b is the side opposite angle B.
c is the side opposite angle C.

e The area of the triangle is Eab sinC.

2

Examples

Example 8 Find the area of the triangle.

Scm

A
Scm
o)
Scm
B
Area =1 absinC
2
Area = 1 x8x 5xsin 82°
2
Area =19.805361...
Area = 19.8 cm?

1 Always start by labelling the sides
and angles of the triangle.

2 State the formula for the area of a
triangle.

3 Substitute the values of a, b and C
into the formula for the area of a
triangle.

4 Use a calculator to find the area.

5 Round your answer to 3 significant
figures and write the units in your
answer.
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Practice- Areas of triangles

12 Work out the area of each triangle.
Give your answers correct to 3 significant figures.

a b

I8 mm

585

55em
7.5em
43 mm

i
13 The area of triangle XYZ is 13.3 cm?,
Work out the length of XZ.
Hint: S
x L84 Y

Rearrange the formula to make a side the subject. 5.8cm

Extend

Hint:
14 Find the size of each lettered angle or side.

Give your answers correct to 3 significant figures. For each one, decide whether
to use the cosine or sine rule.

9cm

b
5@

m
8 cm
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d 208
38
95 mm
15 The area of triangle ABC is 86.7 cm?,
Work out the length of BC.
Give your answer correct to 3 significant figures.
A
16.5 cm C
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Answers — Trigonometry, the cosine rule, the sine rule and areas
of triangles

1 a 6.49cm b 6.93cm c 2.80cm

d 743mm e 7.39cm f 6.07 cm
2 a 36.9° b 57.1° c 47.0° d 387°
3 571cm
4 204°
5 a 45° b lem ¢ 30° d 3 em
6 a 6.46cm b 9.26 cm C 70.8 mm d 9.70cm
7 a 222° b 52.9° c 122.9° d 93.6°
8 a 13.7cm b 76.0°
9 a 433cm b 15.0 cm c 45.2 mm d 6.39cm
10 a 42.8° b 52.8° c 53.6° d 282°
11 a 8.13cm b 32.3°
12 a 18.1cm? b 18.7 cm? c 693 mm?
13 5.10cm
14 a 6.29cm b 84.3° c 5.73cm d 58.8°
15 153 cm
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21 - Rearranging equations

A LEVEL LINKS
Scheme of work: 6a. Definition, differentiating polynomials, second derivatives
Textbook: Pure Year 1, 12.1 Gradients of curves

Key points

e To change the subject of a formula, get the terms containing the subject on one side and
everything else on the other side.
e You may need to factorise the terms containing the new subject.

Examples
Example 1 Make t the subject of the formulav =u + at.
v=u+at 1 Get the terms containing t on one
side and everything else on the other
v—u=at side.
t=v-u 2 Divide throughout by a.
a

Example 2  Make t the subject of the formula r = 2t — zz.

r=2t—m 1 All the terms containing t are
already on one side and everything
else is on the other side.

r= t(2r— ) 2 Factorise as t is a common factor.

= 2 1 3 Divide throughout by 2 — 7.

. t+r 3t
Example3  Make t the subject of the formula % =

t+r 3t 1 Remove the fractions first by

5 2 multiplying throughout by 10.
ot + 2r = 15t 2 Get the terms containing t on one

side and everything else on the other
2r =13t side and simplify.
po 2r 3 Divide throughout by 13.
13
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Example 4
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3t+5

Make t the subject of the formula r=__

t-1

3t+5
r =

t—1
rt-1)=3t+5

n-r=3t+5

n—3t=5+r

t(r—3)=5+r
R

t=—___
r-3

Remove the fraction first by
multiplying throughout by t — 1.

Expand the brackets.

Get the terms containing t on one
side and everything else on the other
side.

Factorise the LHS as t is a common
factor.

Divide throughout by r — 3.




Practice- Rearranging equations

Change the subject of each formula to the letter given in the brackets.

1 C=xnd [d] 2 P=2+2w [w] 3 D=$ [T]
q-r —at =
4 p:T [t] 5 u—at—Et [t] 6 V=ax+4x [X]
y-7x_7-2y 2a-1 b-c
7 = — 8 Xx= 9 x=— [d
o5 s, [ = ]
79-9 2X+3
10 h= 11 e(9+x)=2e+1 [e 12 y= X
g 9 9+) [e] y="—" [
13 Make r the subject of the following formulae.
2
a A=m? b V=%nr3 c P=ar+2r d V:gnrzh

14 Make x the subject of the following formulae.

Xy _ab p Amex_3z
z cd d py?
. . a b
15 Make sin B the subject of the formula — =——
sinA sinB

16 Make cos B the subject of the formula b? = a? + ¢? — 2ac cos B.

Extend
17 Make x the subject of the following equations.
a E(SX-i—t):X—l b B(ax+2y)=3_p(x_y)
g q q?
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Answers - - Rearranging equations

1 4=°% 2 W:P—ZI 3 .5
T 2 D
4 '[:E 5 = 6 X = v
p 2a-1 a+4
7 y=2+3x g a->xtl 9 g=0=¢
X+2 X
10 g=21+9 11 e=—t_ 12 x=dy-3
7-h X+7 2+y
\F [V
3V
T+ 2
14 @ x=202 b xo S
cdy Amcpy?
15 sinB:bSInA
a
2 2 _Rh2
16 cosszu
2ac
17 a _04+tpt b yoSPY+2pay _ y(3+2q)
q-ps 3p-apq 3-aq
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22 - Volume and surface area of 3D shapes

A LEVEL LINKS
Scheme of work: 6b. Gradients, tangents, normals, maxima and minima

Key points '\@h
e Volume of a prism = cross-sectional area x length. ”

e The surface area of a 3D shape is the total area
of all its faces.

L cross-section
e Volume of a pyramid = 5 x area of base x vertical height.

e Volume of a cylinder = z7?h h
e Total surface area of a cylinder = 272 + 27rh

4
e Volume of a sphere = gn re / ‘7'

e Surface area of a sphere = 4772

e \olume ofacone = %n rzh

e Total surface area of a cone = 77l + 772

Examples

Example 1 The triangular prism has volume 504 cm?.
Work out its length.

4-:m /

9cm

bhli 1 Write out the formula for the
volume of a triangular prism.
2 Substitute known values into the

V=

N

504=§><9><4><I

formula.
504 = 18 x | 3 Simplify
| =504 + 18 4 Rearrange to work out I.

=28 cm

(¢,

Remember the units.
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Example 2
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Calculate the volume of the 3D solid.
Give your answer in terms of z.

12cm

Total volume = volume of hemisphere

+ Volume of cone
1 4 1
== of ~ @+ " _wh
2 3 3

N =

4
Total volume X ‘3 x 7 x 53

1
+ 3 XTx52x7
425
3 wemd

The solid is made up of a
hemisphere radius 5 cm and

a cone with radius 5 cm and height
12—-5=7cm.

Substitute the measurements into the
formula for the total volume.

Remember the units.




Practice - Volume and surface area of 3D shapes

1 Work out the volume of each solid.
Leave your answers in terms of 7 where appropriate.

a b
25cm
5.5¢ecm 40cm Qom
8cm 30cm
9cm lm
¢ d Scm
10cm
7 cm 8cm
[ 5ecm
[3cm
e ﬂ f asphere with radius 7 cm
7cm
g asphere with diameter 9 cm h a hemisphere with radius 3 cm
9cm 8 cm
v 7cm AV
N \_/

2 A cuboid has width 9.5 ¢cm, height 8 cm and volume 1292 cm?®.
Work out its length.

3 The triangular prism has volume 1768 cm®.
Work out its height.
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Extend

4

6

The diagram shows a solid triangular prism.
All the measurements are in centimetres.
The volume of the prism is ¥ cm?,

Find a formula for V in terms of x.

Give your answer in simplified form.

The diagram shows the area of each of three
faces of a cuboid.

The length of each edge of the cuboid is a whole
number of centimetres.

Work out the volume of the cuboid.

The diagram shows a large catering size tin of beans
in the shape of a cylinder.

The tin has a radius of 8 cm and a height of 15 cm.
A company wants to make a new size of tin.

The new tin will have a radius of 6.7 cm.

It will have the same volume as the large tin.
Calculate the height of the new tin.

Give your answer correct to one decimal place.

The diagram shows a sphere and a solid cylinder.
The sphere has radius 8 cm.

The solid cylinder has a base radius of 4 cm and
a height of 2cm.

The total surface area of the cylinder is half the
total surface area of the sphere.

Work out the ratio of the volume of the sphere to
the volume of the cylinder.

Give your answer in its simplest form.
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x+8
2x+1
30 em?
10 em?
12 cm?

8cm

~_

15¢cm

~_

©s



8  The diagram shows a solid metal cylinder.
The cylinder has base radius 4x and height 3x.

The cylinder is melted down and made into
a sphere of radius r.

Find an expression for r in terms of x.
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Answers- Volume and surface area of 3D shapes

1 a V=3%cm? b V=75000cm?
c V=4025cm? d V=200zcm?
e V=10087cm? £ ov=20ome
3
g V=12157rcm? h V=18zcm?
i V=48zcm? j v=%zeme
3
2 17cm
3 17cm
4 V=x3+ T4y
2
5 60cm®
6 2l4cm
7 32:9
8 r:%x
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23 - Area under a graph

A LEVEL LINKS
Scheme of work: 7b. Definite integrals and areas under curves

Key points % chord

e To estimate the area under a curve, draw a chord between A%\
the two points you are finding the area between and straight
lines down to the horizontal axis to create a trapezium. /
The area of the trapezium is an approximation for the area
under a curve.

0]
a
e The area of a trapezium = Eh(a+b) - -
2
h
—
< b -
Examples 3

Example 1 Estimate the area of the region between the curve
y=(3—Xx)(2 + x) and the x-axis fromx =0to x = 3.
Use three strips of width 1 unit.

X 0 |1 ]2 |3 1 Use atable to record the value of y

y=B3—-x)(2+x) |6 |6 |4 |0 on the curve for each value of x.
Trapezium 1: 2 Work out the dimensions of each
a1=6-0=6, b1 =6-0=6 trapezium. The distances between
8.2=6—0=6,b2=4—0=4 '
Trapezium 3:
as =4—0=4, as =0-0=0

(continued on next page)
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Example 2
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Area =6+ 5+ 2 = 13 units?

E h(a +b)= 1_X1(6 +6)=6 3 Work out the area of each

2 2 trapezium. h = 1 since the width of
i h(a2+ b 2 = 1_><1(6 +4)=5 each trapezium is 1 unit.

2 2

1 1

" h(a +b;= ~x1(4+0)=2

2 ° 2

4 Work out the total area. Remember
to give units with your answer.

Estimate the shaded area.
Use three strips of width 2 units.

\l
'_\
S
'_\
w
I

y

X 4 6 8 | 10

y | 716 |5 4

Trapezium 1:
ar=7-7=0,b1=12-6=6
Trapezium 2:
a,=12-6=6, b, =13-5=8
Trapezium 3:

a3:13—5:8, az=4-4=0

%h(al+bl)=%x2(0+6)=6

lh(az+bz)=lx2(6+8)=14
2 2

ih(a3+b3)=lx2(8+0)=8

S}

Area =6 + 14 + 8 = 28 units?

1 Use atable to record y on the curve
for each value of x.

2 Use a table to record y on the
straight line for each value of x.

3  Work out the dimensions of each
trapezium. The distances between
the y-values on the curve and the
y-values on the straight line give the
values for a.

4 Work out the area of each
trapezium. h = 2 since the width of
each trapezium is 2 units.

5 Work out the total area. Remember
to give units with your answer.




Practice - Area under a graph
Hint:

For a full answer,

remember to

1 Estimate the area of the region between the curve y = (5 — x)(x + 2) and | include ‘units®”.
the x-axis fromx=1tox =5.
Use four strips of width 1 unit.

2  Estimate the shaded area shown

on the axes.

Use six strips of width 1 unit.

30

25

201/

15

10

o 1 2 3 4 5 6 7 8 9 10

3 Estimate the area of the region between the curve y = x*> — 8x + 18 and the x-axis
fromx=2tox=6.
Use four strips of width 1 unit.

4  Estimate the shaded area.

Use six strips of width % unit.
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5  Estimate the area of the region between the curve y = —x? — 4x + 5 and the
x-axis from x =-5to x = 1.
Use six strips of width 1 unit.

6  Estimate the shaded area.

Use four strips of equal width.

7  Estimate the area of the region between the curve y = —x? + 2x + 15 and the
x-axis from x =2 to x = 5.
Use six strips of equal width.

-
>

[ SR TE R ¥ R~

8  Estimate the shaded area.

Use seven strips of equal width.

|
%]

|
j—ry

el s b w e v e e o

138|Page



Extend

9 Thecurvey=8x—5—x?andthe liney=2
are shown in the sketch.
Estimate the shaded area using six strips
of equal width.

10 Estimate the shaded area using five
strips of equal width.
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Answers - Area under a graph

10

34 units?
149 units?

14 units?

1 .
25_ ynits?
4

35 units?

42 units?

7 )
265 units?

56 units?

35 units?

1 )
6 units?
4
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