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Expanding brackets
and simplifying expressions

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

e  When you expand one set of brackets you must multiply everything inside the bracket by
what is outside.
e  When you expand two linear expressions, each with two terms of the form ax + b, where
a #0and b # 0, you create four terms. Two of these can usually be simplified by collecting
like terms.

Examples

Example 1

Example 2

Example 3

Example 4

Expand 4(3x —2)

4(3x—2)=12x—8

Multiply everything inside the bracket
by the 4 outside the bracket

Expand and simplify 3(x + 5) — 4(2x + 3)

3(x+5)—4@2x+3)
=3x+15—-8—-12

=3 —5x

1 Expand each set of brackets
separately by multiplying (x + 5) by
3and 2x+3) by 4

2 Simplify by collecting like terms:
3x—8=-5xand 15-12=3

Expand and simplify (x + 3)(x + 2)

x+3)x+2)
=x(x+2)+3x+2)
=x’+2x+3x+6
=x’+5x+6

1 Expand the brackets by multiplying
(x+2)byxand (x +2)by 3

2 Simplify by collecting like terms:
2x +3x =5x

Expand and simplify (x — 5)(2x + 3)

x—5Cx+3)
=x(2x+3)—5Q2x +3)
=2x*+3x—10x— 15
=2x*—7x—15

1 Expand the brackets by multiplying
(2x+3)byx and 2x +3) by —5

2 Simplify by collecting like terms:
3x—10x=—T7x
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Practice
1  Expand.
a 32x-1 b  —2(5pq+ 44>
c —Gxy—2
2 Expand and simplify.
a 73xt5)+6(2x—23) b 8Gp-2)-314p+9)
¢ 9@Bs+1)-5(6s-10) d 2(@x-3)-(3x+5)
3  Expand.
a 3x@x+38) b 4k(5K-12)
¢ 2h6h*+ 11h-5) d 3s(4s’—Ts+2)

4  Expand and simplify.

a 330°-8)-407-5) b 2x(x+5)+3x(x—7)
¢ 4p2p—-1)-3p(5p-2) d 3b(4b-3)-b(6b-9)

5 Expand % 2y-198)

6  Expand and simplify.

a  13-2m+7) b Spp’+6p)—9p(2p—3)

7  The diagram shows a rectangle.

Write down an expression, in terms of x, for the area of
the rectangle.

Show that the area of the rectangle can be written as
21x* - 35x

8 Expand and simplify.

a (xt4)x+)5) b +7)x+3)

¢ (x+7NHx-2) d (x+5x-5)

e (2x+3)(x-1) f Gx-2)2x+1)

g (5x-3)2x-95) h  (Bx-2)(7+4x)

i Gx+4) Sy 6Y) i Gc+sy

k (2x—7) 1 (4x—3y)
Extend

9  Expand and simplify (x + 3)* + (x — 4)?

10 Expand and simplify.

e

x-5

Watch out!

When multiplying (or
dividing) positive and
negative numbers, if
the signs are the same
the answer 1s ‘+’; if the
signs are different the
answer is ‘—’.

Tx
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Answers
1 a 6x-3 b —10pg — 84>
¢ 3xy+2)
2 a 21x+35+12x—-48=33x—13
b 40p—-16-12p—-27=28p—43
¢ 27s+9-30s+50=-35+59=59-3s
d 8x-6-3x-5=5x-11
3 a  12x%+24x b 20k —48k
¢ 10n—12k° —221* d 21s°-21s—6s
4 a -4 b 5x¥*-1lx
2p—Tp* d o6p
5 y-4
6 a -1-2m b 5p°+12p*+27p

7 7x(Bx—5)=21x*—35x

8 a xX+9%x+20 b x*+10x+21
¢ X’+5x-14 d x-25
e 2x*+x-3 f 6x'—x-2
g 10x*-3lx+15 h 12+ 13x— 14
i 187+ 3%y + 20y i X*+10x+25
k  4x*—28x+49 1 16x>—24xy +9°
9 2x*-2x+25
2 1
10 a xz_l__2 b )c2+2+—2

X X
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Surds and rationalising the denominator

A LEVEL LINKS

Scheme of work: la. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

e A surd is the square root of a number that is not a square number,

for example \/E, \/§, \/g, etc.

e Surds can be used to give the exact value for an answer.

o Jab=Jaxb
b~ b

e To rationalise the denominator means to remove the surd from the denominator of a fraction.

. .oa : :
e To rationalise —= you multiply the numerator and denominator by the surd Jb

Jb
bede

To rationalise

Examples

Example 1  Simplify \/%

you multiply the numerator and denominator by b— Je

J50 =25%2 1

= 25><\/5
=5><\/5
=52

Choose two numbers that are
factors of 50. One of the factors
must be a square number

Use the rule @:ﬁxﬁ
Use \/525

Example2  Simplify 147 - 2412

J147 2412 1
= J49%3 —2/4x3

B B -2fEx\B
=7x\/§—2x2x\/§
=73 -43

=33 4

Simplify 147 and 2+/12 . Choose
two numbers that are factors of 147
and two numbers that are factors of
12. One of each pair of factors must
be a square number

2 Use the rule \/E:\/;x\/g
3 Use «/@:7 and \/4_=2

Collect like terms
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Example 3

Example 4

Example 5

Simplify (\7 +2)(V7 -+2)

(V7 +42)(V7-2)

SN NN RN N

1 Expand the brackets. A common

mistake here is to write (\/7 )2 =49

=7_2 2 Collect like terms:
s NN
=72 +72=0
Rationalise L
N
1 % ﬁ 1 Multiply the numerator and
3 3B denominator by \/g
1x \/§
= 2 —
\/5 Use \/5 3
= ﬁ
3
Rationalise and simplify £
Ji2
V2 - V2 % Vi2 1 Multiply the numerator and
iz iz 2 denominator by J12
_ V2 x[4x3 2 Simplify V12 in the numerator.
12 Choose two numbers that are factors
of 12. One of the factors must be a
square number
Use the rule vab = \/;x \/B
= 2243 Use 4 =2
12
5 Simplify the fraction:
_ 23 2 1
=— — simplifies to —
6 12 6
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3
Example 6 Rationalise and simplify
2+ Jg
3 _ 3 « 2- \/g 1 Multiply the numerator and
2445 245 2-45 denominator by 2 — \/g
3(2-45)
B (2 + \/g ) (2 - \/g ) 2 Expand the brackets
_6-35
4+2J5-25-5 3 Simplify the fraction
_6-35
-1 4 Divide the numerator by —1
Remember to change the sign of all
-3 \/g —6 terms when dividing by —1
Practice
1 Simplify. Hint
a 45 b V125 One of the two
¢ +J48 d 175 numbers you
— choose at the start
¢ 300 f 28 must be a square
g 72 h 162 number.
2 Simplify. Watch out!
a 72+162 b f45-25 Check you have
¢ J50-8 d 75-+/48 chosen the highest
square number at
¢ 2\/%4‘\/% f 2\/ﬁ— \/ﬁ-{- \/2_7 the start.
3  Expand and simplify.
a (V2+3)(2-B) b (3+V3)(5-v12)
¢ (4-B)45+2) d  (5+v2)(6-+8)



@ Pearson

4  Rationalise and simplify, if possible.

a i b L
5 J11
2 2
¢ — d —
N7 NG
e i f i
N5 N
. .
V24 J45
5 Rationalise and simplify.
1 2
a —= b
3-5 4+3
Extend

6  Expand and simplify (\/;+ \/;)(\/;— \/)_/)

7  Rationalise and simplify, if possible.

1 1

a b

NEENE Y=y
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Answers
1 a 3
C 4\/§
e 1043
g 6V2
2 a 152
C 3\/5
e 6\/7
3 a -1
¢ 10J5-7
4 a

g
3+\/§
5 a
4
6 x-—y
7 a 34242

= o=, o T

545
547

2(4-3) . 6(5++/2)
13 23
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Rules of indices

A LEVEL LINKS
Scheme of work: la. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

m

® a Xa =a

m
_ m
e " =xad" =(\”/a)
1
° a*}ﬂ S
am

e The square root of a number produces two solutions, e.g. \/E =14,

Examples

Example 1  Evaluate 10°

10°=1 Any value raised to the power of zero is
equal to 1

1
Example 2  Evaluate 92

1

=4/9 Use the rule a” = ’\“/;
3

N —

9

2
Example 3 Evaluate 27°

27§ :(3 27 )2 1 Use the rule a% = (%)m
- 32 2 Use Q/E:3
=9
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Example 4  Evaluate 47
o1 m
47 =— 1 Usetherule a ™ =—
4 a
1
- E 2 Use 4’ =16
6 5
Example 5 Simplify iz
2x
5 m
6—xz=3x3 6+2=3andusetherulea—n:a’”_” to
2x a
XS
give — = X=X
X
L XXX
Example 6 Simplify x
3 5 3+5 8
rxx X X 1 Use the rule a” xa" =a™""
x* ot
=x*t=y 2 Use the rule a—n:a’”—"
a
Example 7 Write 3i as a single power of x
X
1 1 -1 1 —-m
— ==X Use the rule — =a™", note that the
3x 3 a”
fraction 1 remains unchanged
.4 .
Example 8 Write T as a single power of x
X

1

1 Use the rule a” = 4/;

—m

1
2 Use the rule —=a
a
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Practice
1 Evaluate.
a 14° b
2  Evaluate.
1
a 492 b
3  Evaluate.
3
a 252 b
4  Evaluate.
a 5° b
5 Simplify.
2 3
a 3x2 ><2x b
X
3
c 3x 2>< %x d
X
2
e f} f
yixy
3
(2)
8 4x° h
6 Evaluate.
1
a 4?2 b
1
d 164x27° e
7

Write the following as a single power of x.

a b

“ | —

30

643

10x°

2
2x° X x

1
x7

N
Ix

iy

5° d

X
1 1
1253 d 164
3 3
492 d 164
27 d 67
Watch out!
Remember that
any value raised to
the power of zero
1s 1. This is the
ruled® = 1.
_1
9 2x23

_2
&)
64

2

)
[S)
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8  Write the following without negative or fractional powers.
a x° b x° c
d x° e x 2 f

9  Write the following in the form ax”.

aS\/; b

d

2

x3
2 4 f
N T

Extend

10 Write as sums of powers of x.

X +1

1
> b x2 (x+—} c x (xz +
X X
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Answers
1 a 1
2 a 7
3 a 125
4 a i
25

3

5 a 3i
2

¢ 3x
1

e y?
g 2x°
6 a l
2

a L
4

7 a x|
2

a x

1

8§ a —
x3

d Ux?

10 a x*+x

\o|; w | o
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Factorising expressions

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Factorising an expression is the opposite of expanding the brackets.

e A quadratic expression is in the form ax* + bx + ¢, where a # 0.

e To factorise a quadratic equation find two numbers whose sum is » and whose product is ac.
e An expression in the form x* — ) is called the difference of two squares. It factorises to

The highest common factor is 3x%y.
So take 3x’y outside the brackets and
then divide each term by 3x%y to find
the terms in the brackets

This is the difference of two squares as
the two terms can be written as
(2x)*and (5y)

(x =y)x+y).
Examples
Example 1  Factorise 15x%)° + 9x*y
15x%° + 9x*y = 3x%(5)* + 3x%)
Example 2  Factorise 4x* — 25)°
4x*—25)% = (2x + 51)(2x — 57)
Example3  Factorise x> + 3x — 10

b=3,ac=-10

Sox*+3x—10=x>+5x—2x—10
=x(x+5)-2(x+5)

=x+5)x—-2)

1 Work out the two factors of
ac =-—10 which add to give b =3
(5 and -2)

2 Rewrite the b term (3x) using these
two factors

3 Factorise the first two terms and the
last two terms

4 (x+5)is a factor of both terms
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Example 4 Factorise 6x* — 11x — 10

b=-11,ac=-60

So
6x*— 11x—10=6x"—15x +4x— 10

=3x(2x—5)+2(2x—5)

=2x-5)3x+2)

Work out the two factors of

ac =—60 which add to give b =—11
(—15and 4)

Rewrite the b term (—11x) using
these two factors

Factorise the first two terms and the
last two terms

(2x — 5) is a factor of both terms

2
x"—4x-21
Example 5 Simplify —————
P Py T ox+9
X —4x-21 Factorise the numerator and the
D denominator
2x°+9x+9

For the numerator:
b=-4,ac=-21

So
X —4x-21=x*—Tx+3x-21

=x(x—T7)+3(x—7)
=@-=7)x+3)

For the denominator:
b=9,ac=18

So
2%+ 9x+9=2x>+6x+3x+9

=2x(x+3)+3(x+3)

=x+3)2x+3)
So
X —4x-21 _ (x=7)(x+3)
25 +9x+9  (x+3)(2x+3)
_ox=7
 2x+3

Work out the two factors of
ac =—21 which add to give b =—4
(=7 and 3)

Rewrite the b term (—4x) using these
two factors

Factorise the first two terms and the
last two terms

(x —7) is a factor of both terms

Work out the two factors of
ac =18 which add to give b=9
(6 and 3)

Rewrite the b term (9x) using these
two factors

Factorise the first two terms and the
last two terms

(x + 3) is a factor of both terms

10 (x + 3) is a factor of both the

numerator and denominator so
cancels out as a value divided by
itselfis 1
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Practice

1

2 Factorise
a xX+7x+12
¢ xX*—11x+30
e xX*—Tx—18
g x—3x-40
3  Factorise
a  36x*—49°
¢ 184%—200p%?
4  Factorise
a 2xX*+x-3
¢ 2+ 7x+3
e 10x*+21x+9
5  Simplify the algebraic fractions.
2x% +4x
x> —x
2
x°—=2x-8
x* —4x
¥ —x-12
€ 2
x° —4x
6  Simplify
9x* 16
3x% +17x—28
4-25x"
10x* —11x—6
Extend
7  Simplify x> +10x+25
2 2
8  Simplify (x+2)" +3(x+2)

Factorise.
a  6xy — 10!
¢ 25x%)7 - 100y + 15x%

x> —4

= o T

21a°b° + 35a°b*

x>+ 5x—14
x*—5x—24
x>+ x-20

x> +3x—-28

4x* - 81y*

6x>+17x+5
x>~ 15x+ 4
12x% — 38x + 20

x? +3x
X2 +2x-3
x> —5x
x? =25

2x% +14x
2x* +4x-70

2x2 =7x-15
3x? —17x+10
6x> —x—1

2x° +7x—4

Hint

Take the highest
common factor

outside the bracket.




@ Pearson

Answers

1

(<]

2x(3x - 5y)
5x3(5 —2x +3y)

a (xt3)x+4)
¢ (x=-5x-06)
e (x—-9x+2)
g (x-8)x+5)
a (6x—"Ty)(6x+7y)
¢ 2Ba-10bc)(3a+ 10bc)
a (x—-D2x+3)
c (2x+D(x+3)
e  (5x+3)2x+3)
2 2(x+2)
x—1
x+2
c
X
x+3
e
X
3x+4
a
x+7
2-5x
c
2x-3
(x+35)
4(x+2)

x—2

= =PI —

1a°*(3b* + 54)

x+7x-2)
(x—8)x+3)
x+5r-4)
x+7Dx-4)

2x-9y)2x+9y)
Bx+1D(R2x+5)

Gx— 1)3x —4)
2(3x — 2)(2x -5)

2x+3
3x-2
3x+1

x+4
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Completing the square

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e  Completing the square for a quadratic rearranges ax” + bx + ¢ into the form p(x + g)* + r

e [fa # 1, then factorise using @ as a common factor.

Examples

Example 1  Complete the square for the quadratic expression x* + 6x — 2

X+6x—2
=(x+3)7>-9-2
=(x+3)7>-11

1 Write x* + bx + ¢ in the form

SR

2 Simplify

Example2  Write 2x* — 5x + 1 in the form p(x + ¢)* + r

2x*—5x+1

1 Before completing the square write
ax’ + bx + c in the form

[
alx  +—x |+c¢
a

2 Now complete the square by writing

5 .
x? == x in the form

3 Expand the square brackets — don’t

2
forget to multiply (%) by the

factor of 2

4 Simplify
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Practice

1  Write the following quadratic expressions in the form (x + p)* + ¢

a x*+4x+3 b x*-10x-3
¢ x*—8 d P+6x
e xX*-2x+7 f xX*+3x-2

2 Write the following quadratic expressions in the form p(x + g)* + r
a 2x°—8x—16 b 4x’—8x—16
c 3+ 12x-9 d 2x°+6x-38

3 Complete the square.

a 27*+3x+6 b 3x*—2x
¢ 5x*+3x d 3xX*+5x+3
Extend

4 Write (25x* + 30x + 12) in the form (ax + b)* + c.
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Answers
1 a (@x+27-1

c (x—4yY-16
e (x—17+6
2 a 2(x-2)Y-24

c 3(x+2)y-21

3V 9
¢ 5lx+=2| - =
10) 20

4 (5x+3)Y+3
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Solving quadratic equations by
factorisation

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e A quadratic equation is an equation in the form ax” + bx + ¢ = 0 where a # 0.

e To factorise a quadratic equation find two numbers whose sum is » and whose products is ac.
e  When the product of two numbers is 0, then at least one of the numbers must be 0.

e Ifaquadratic can be solved it will have two solutions (these may be equal).

Examples

Example 1  Solve 5x* = 15x

5x*=15x 1 Rearrange the equation so that all of
the terms are on one side of the
5x*—15x=0 equation and it is equal to zero.

Do not divide both sides by x as this
would lose the solution x = 0.

Sx(x—3)=0 2 Factorise the quadratic equation.
5x is a common factor.

So5x=0o0or(x—3)=0 3 When two values multiply to make
zero, at least one of the values must
be zero.

Therefore x=0 or x =3 4 Solve these two equations.

Example2 Solvex’+7x+12=0

X+ 7x+12=0 1 Factorise the quadratic equation.
Work out the two factors of ac = 12

b=7,ac=12 which add to give you b =7.
(4 and 3)

X +4x+3x+12=0 2 Rewrite the b term (7x) using these
two factors.

x(x+4)+3x+4)=0 3 Factorise the first two terms and the
last two terms.

x+4)x+3)=0 4 (x+4)is a factor of both terms.

So(x+4)=0o0r(x+3)=0 5 When two values multiply to make
zero, at least one of the values must
be zero.

Therefore x =—4 orx =—3 6 Solve these two equations.
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Example3  Solve 9x*—16=0
IX*—16=0 Factorise the quadratic equation.
Bx+4)(3Bx-4)=0 This is the difference of two squares
as the two terms are (3x)* and (4)%.
So(Bx+4)=00r(3x—4)=0 When two values multiply to make
zero, at least one of the values must
4 be zero.
x= -3 or x= 3 Solve these two equations.
Example4 Solve 2x*—5x—12=0
b=-5ac=-24 Factorise the quadratic equation.
Work out the two factors of ac = —24
which add to give you b =—5.
(-8 and 3)
So2x' —8x+3x—-12=0 Rewrite the b term (—5x) using these
two factors.
2x(x—4)+3(x—4)=0 Factorise the first two terms and the
last two terms.
x-42x+3)=0 (x —4) is a factor of both terms.
So(x—4)=00r (2x+3)=0 When two values multiply to make
zero, at least one of the values must
_ 3 be zero.
x=4 orx= ) Solve these two equations.
Practice
1 Solve
a 6x*+4x=0 b 28’ -21x=0
c xX*+7x+10=0 d xX-5x+6=0
e x-3x—4=0 f xX*+3x-10=0
g x—10x+24=0 h x*-36=0
i xX?+3x-28=0 j xX-6x+9=0
k 2x*-7x—4=0 1 3x*—13x-10=0
2 Solve
a x*-3x=10 b x-3=2x Hint
c xX*+5x=24 d x¥-42-=x
e x(r+2)=2x+25 f ©-30=3x-2 Get all terms
onto one side
g x(Bx+1)=x+15 h  3x(x—-1)=2(x+1)

of the equation.
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Solving quadratic equations by
completing the square

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Completing the square lets you write a quadratic equation in the form p(x + g)* + r = 0.

Examples

Example 5  Solve x* + 6x + 4 = 0. Give your solutions in surd form.

X +6x+4=0 1 Write x* + bx + ¢ = 0 in the form
2 2
(x+37-9+4=0 (x+éj —(QJ +¢c=0
2 2

(x+3F-5=0 2 Simplify.
(x+3y=5 3 Rearrange the equation to work out

x. First, add 5 to both sides.
x+3=+/5 4 Square root both sides.

Remember that the square root of a
x= /53 value gives two answers.

5 Subtract 3 from both sides to solve
the equation.
Sox=—/5-3 orx=+/5-3 6 Write down both solutions.

Example 6  Solve 2x* — 7x + 4 = 0. Give your solutions in surd form.

2xX* = 7x+4=0 1 Before completing the square write
ax®+ bx + ¢ in the form
2(x2—zxj+4 =0 a(x2+éxj+c
2 a
AN AAS 2 Now complete the square by writing
2l x——=| —| = | |[+4 = 7
4 x’ -5 in the form

3G

7V 49
2(x—z) —?+4 =0 3 Expand the square brackets.
2(x_1j2_1_70 4 Simplif

1 2 implify.

(continued on next page)




5 ( 7 jz 17 5 Rearrange the equation to work out
X—-——| =—
4 8 x. First, add % to both sides.
2
AN Y 6 Divide both sides by 2.
4 16
7 J7 7 Square root both sides. Remember
——=t— that the square root of a value gives
4 4 two answers.
77 8 Add _ to both sides.
- 4
4 4
7 \/ﬁ 7 \/ﬁ 9 Write down both the solutions.
So x=————orx=—+—-
4 4 4
Practice
3 Solve by completing the square.
a x*—4x-3=0 b xX*-10x+4=0

¢ X*+8-5=0 d *-2x-6=0

e 2x*+8x—-5=0 f 5x*+3x-4=0
4  Solve by completing the square. Hint
a (x—-4Hx+2)=5
b 2x+6x-7=0 Get all terms
¢ 2-5x+3=0 onto one side
of the equation.
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Solving quadratic equations by using the

formula

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Any quadratic equation of the form ax” + bx + ¢ = 0 can be solved using the formula

o N

2a

e If b* —4ac is negative then the quadratic equation does not have any real solutions.
e [t is useful to write down the formula before substituting the values for a, b and c.

Examples

Example 7 Solve x* + 6x + 4 = 0. Give your solutions in surd form.

a=1,b=6,c=4

_b+b* —4dac

2a

6% «/62 —4(1)(4)

B 2(1)

—6++20

x:—3i\/§

So x=—3—\/§ or x=+5-3

1 Identify a, b and ¢ and write down

the formula.

Remember that —b £ /b —4ac is

all over 2a, not just part of it.

Substitute a = 1, b = 6, ¢ = 4 into the
formula.

Simplify. The denominator is 2, but
this is only because @ = 1. The
denominator will not always be 2.

Simplify /20

\/%=\/4><5 =\/Z><\/§=2«/§
Simplify by dividing numerator and
denominator by 2.

Write down both the solutions.
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Example 8  Solve 3x> — 7x — 2 = 0. Give your solutions in surd form.
a=3,b=-T7,¢c=-2 1 Identify a, b and ¢, making sure you
b+~ —4ac get the signs right and write down
= _2— the formula.
a
Remember that —b + \b* —4ac is
all over 2a, not just part of'it.
2
= —(=7+ ‘/(_7) —4G)(=2) 2 Substitute a =3,b=-7, c=—2 into
2(3) the formula.
7473 3 Simplify. The denominator is 6
= when a = 3. A common mistake is
6 to always write a denominator of 2.
So x= 7-73 or x = 7473 4 Write down both the solutions.
6
Practice
5 Solve, giving your solutions in surd form.
a 3X+6x+2=0 b 2xX-4x-7=0
6  Solve the equation x> — 7x +2 =10
. . . at \/Z .
Give your solutions in the form , where a, b and c are integers.
¢
7 Solve 10y’ +3v+3=5 Hint
Give your solution in surd form. Get all terms onto one
side of the equation.
Extend
8 Choose an appropriate method to solve each quadratic equation, giving your answer in surd form

when necessary.

a 4dx(x—-1)=3x-2
b 10=(@x+1)

¢ x(Bx-1)=10
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Answers
1 a x=00rx=—g b x=00rx=§
3 4
¢ x=-Sorx=-2 d x=2orx=3
e x=-lorx=4 f x=-Sorx=2
g x=4orx=6 h x=-6orx=6
i x=—Torx=4 i x=3
k x=—lorx=4 1 x=—gorx=5
2 3
2 a x=-2orx=5 b x=-lorx=3
x=-8orx=3 d x=-6orx=7
e x=-5orx=5 f x=-4dorx=7
g x=3orx=2+ h x=-Lorx=2
2 3
3 a x=2+\/70rx=2—\/7 b x=5+\/ﬁorx=5—\/ﬁ

¢ x=-4+2lorx=—4-21 d x=1++7 orx=1-47
e x=-2+465 orx=-2-4/6.5 x=¥or ﬂ

1

iy

T N L
5+413 5-J13
orx =

2 2

C X =

32 32

b x=1+ — orx=1- —
2

»|&

5 a x=-1+ ?3 orx=-1-

7+41 7-41
2

6 x= orx=
2
—3++/89 3-89
7 x=— orx=——
20 20
7+:17 7-17
8 a «x= 2 orx= 2

b x=-1++10 orx=-1- /10

2
c x=—1§ orx=2
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Solving linear simultaneous equations
using the elimination method

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Two equations are simultaneous when they are both true at the same time.

e Solving simultaneous linear equations in two unknowns involves finding the value of each
unknown which works for both equations.

e Make sure that the coefficient of one of the unknowns is the same in both equations.

e Eliminate this equal unknown by either subtracting or adding the two equations.

Examples
Example 1  Solve the simultaneous equations 3x+ y=5andx+y =1
3xty=35 1 Subtract the second equation from
- xty=1 the first equation to eliminate the y
2x =4 term.
Sox=2
Usingx+y=1 2 To find the value of y, substitute
2+y=1 x = 2 into one of the original
Soy=-1 equations.
Check: 3 Substitute the values of x and y into
equation 1: 3 x 2+ (—1)=5 YES both equations to check your
equation 2: 2+ (-1)=1 YES answers.

Example2  Solve x + 2y =13 and 5x — 2y = 5 simultaneously.
x+2y=13 1 Add the two equations together to
+ S5x—2y=5 eliminate the y term.
6x =18
Sox=3

Using x +2y=13

equation 1: 3+2 x5=13 YES
equation2: 5x3—-2x5=5 YES

2 To find the value of y, substitute

3+2y=13 x = 3 into one of the original
Soy=5 equations.
Check: 3 Substitute the values of x and y into

both equations to check your
answers.
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Example 3

Practice

Solve 2x + 3y =2 and 5x + 4y = 12 simultaneously.

Solve these simultaneous equations.

1 4x+y=8
x+y=5

3 4x+y=3
3x—y=11

5 2x+y=11
x-3y=9

2x+3y=2)x4 —> 8x+12y= 8 | 1 Multiply the first equation by 4 and
Gx+4y=12)x3—> 15x+12y=36 the second equation by 3 to make
Tx = 28 the coefficient of y the same for
both equations. Then subtract the

Sox=4 first equation from the second

equation to eliminate the y term.

Using 2x + 3y =2 2 To find the value of y, substitute

2x4+3y=2 x =4 into one of the original

Soy=-2 equations.

Check: 3 Substitute the values of x and y into
equation 1: 2 x4+3 x(-2)=2 YES both equations to check your
equation 2: 5 x4 +4 x (=2)=12 YES answers.

2 3x+y=7
3x+2y=5

4 3x+4y=7
x—4y=5

6 2x+3y=11

3x+2y=4
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Solving linear simultaneous equations
using the substitution method

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous
Textbook: Pure Year 1, 3.1 Linear simultaneous equations

Key points

e The subsitution method is the method most commonly used for A level. This is because it is
the method used to solve linear and quadratic simultaneous equations.

Examples

Example 4  Solve the simultaneous equations y =2x + 1 and 5x + 3y = 14

S5x+32x+1)=14 1 Substitute 2x + 1 for y into the
second equation.

S5x+6x+3=14 2 Expand the brackets and simplify.

l1x+3=14

Ilx=11 3  Work out the value of x.

Sox=1

Using y=2x+1 4 To find the value of y, substitute

y=2x1+1 x =1 into one of the original

Soy=3 equations.

Check: 5 Substitute the values of x and y into
equation 1: 3=2x1+1 YES both equations to check your
equation2: 5x 1+3 x3=14 YES answers.

Example 5  Solve 2x — y = 16 and 4x + 3y = —3 simultaneously.

y=2x-16 1 Rearrange the first equation.
4x+32x—16)=-3 2 Substitute 2x — 16 for y into the
second equation.

4x+6x—48=-3 3 Expand the brackets and simplify.
10x —48=-3

10x =45 4 Work out the value of x.
Sox=41

Using y = 2x = 116 5 To find the value of y, substitute

y=2x457-16 x= 41 into one of the original

Soy=-7 equations.

Check.: 1 6 Substitute the values of x and y into
equation 1: 2% 45 —(-7)=16  YES both equations to check your
equation 2: 4 x 41 +3 x (-7)=-3 YES answers.
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Practice

Solve these simultaneous equations.

7 y=x-4 8 y=2x-3
2x +5y=43 Sx-3y=11
9 2y=4x+5 10 2x=y-2
9x + 5y=22 8x—5y=-11
11 3x+4y=28 12 3y=4x-7
2x—y=-13 2y=3x—4
13 3x=y-1 14 3x+2y+1=0
2y—2x=3 4y=8—x
Extend

3(y—x) '

15 Solve the simultaneous equations 3x + 5y —20=0and 2(x+ y) = 2
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Answers

1 x=1,y=4

3 x=2,y=-5
4 x—3,y=—%
5 x=6,y=-1
6 x=-2,y=5
7 x=9,y=5

10 x=-,y=3

11 x=-4,y=5

12 x=-2,y=—
_1 43

14 x=-2,y=21
y=2

= l = —
15 x= 22,y 5
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Solving linear and quadratic simultaneous
equations

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Make one of the unknowns the subject of the linear equation (rearranging where necessary).
e Use the linear equation to substitute into the quadratic equation.
e There are usually two pairs of solutions.

Examples

Example 1  Solve the simultaneous equations y =x + 1 and x* + y* = 13

¥+ @x+1)=13 1 Substitute x + 1 for y into the second
equation.
X+xt+tx+x+1=13 2 Expand the brackets and simplify.

232+ 2x+1=13

2xX*+2x—12=0 3 Factorise the quadratic equation.
2x—4Hx+3)=0

Sox=2orx=-3 4 Work out the values of x.
Usingy=x+1 5 To find the value of y, substitute
Whenx=2,y=2+1=3 both values of x into one of the
Whenx=-3,y=-3+1=-2 original equations.

So the solutions are
x=2,y=3 and x=-3,y=-2

Check: 6 Substitute both pairs of values of x

equation 1: 3=2+1 YES and y into both equations to check
and 2=-3+1 YES your answers.

equation 2: 2> +3*=13 YES

and (-3)*+ (—2)’=13 YES
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Example 2  Solve 2x + 3y = 5 and 2)* + xy = 12 simultaneously.

1 Rearrange the first equation.

5-3 -
2% + (Tyj y=12 2 Substitute > 23y for x into the

second equation. Notice how it is

2.2 easier to substitute for x than for y.
2y% + Sy=3y" =12

2 3 Expand the brackets and simplify.
4y* +5y-3y* =24
Y +5y—-24=0
v +8)y—3)=0 4 Factorise the quadratic equation.
Soy=—8ory=3 5 Work out the values of y.
Using 2x +3y =5 6 To find the value of x, substitute
Wheny=-8, 2x+3x(-8)=5, x=14.5 both values of y into one of the
Wheny=3, 2x+3x3=5 x=-2 original equations.

So the solutions are
x=145, y=-8 and x=-2,y=3

Check: 7 Substitute both pairs of values of x
equation 1: 2 x 145+3 x(-8)=5 YES and y into both equations to check
and 2x (-2)+3x3=5 YES your answers.

equation 2: 2x(—8)* + 14.5x(—8) = 12 YES
and 2 x (3)°+(2)x3=12 YES

Practice

Solve these simultaneous equations.

1 y=2x+1 2 y=6—x
¥ +)*=10 X +)* =20
3 y=x-3 4 y=9-2
¥ +)y'=5 ¥ +)y =17
5 y=3x-5 6 y=x—-5
y=x—-2x+1 y=x—5x—12
7 y=x+5 8 y=2x-1
¥ +y*=25 X +xy=24
9 y=2X 10 2x+y=11
Y —xy=8 xy=15
Extend
11 x—y=1 12 y—x=2

¥ +)y’=3 X +xy=3
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Answers
1 x=1,y=3
=2 213
5777
2 x=2,y=4
x=4,y=2
3 x=1,y=-2
x=2,y=-1
4 x=4,y=1
(6,1
5777
5 x=3,y=4
x=2,y=1
6 x=7,y=2
x=—lLy=-6
7 x=0,y=5
x=-5=0
8 x=—g =D
3 3
x=3,y=5

=2 =
10 X= .Y 6

1 _ L+J§ _ —L+J§

2 2
= 1-5 “1-5
2’ 2

12 = —1+\/7’y: 3+\/7
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Solving simultaneous equations
graphically

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e You can solve any pair of simultaneous equations by drawing the graph of both equations and
finding the point/points of intersection.

Examples

Example 1  Solve the simultaneous equations y = 5x + 2 and x + y = 5 graphically.

y=5-x 1 Rearrange the equation x+ y=15
to make y the subject.

y=5—xhas gradient —1 and y-intercept 5. | 2 Plot both graphs on the same grid
y = 5x+ 2 has gradient 5 and y-intercept 2. using the gradients and
Yy y-intercepts.

Lines intersect at 3 The solutions of the simultaneous
x=0.5,y=45 equations are the point of
intersection.
Check: )
First equation y = 5x + 2: 4 Check your solutions by
45=5%x05+2 YES substituting the values into both
Second equation x +y = 5: equations.

0.5+45=5 YES
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Example 2

Practice

1

2

Solve the simultaneous equations y =x — 4 and y = x* — 4x + 2 graphically.

y=xdx+2

The line and curve intersect at
x=3,y=-landx=2,y=-2

Check:

First equation y =x — 4:
-1=3-4 YES
-2=2-4 YES

Second equation y = x> — 4x + 2:
—1=3"-4x3+2 YES
—2=22-4x2+2 YES

1 Construct a table of values and
calculate the points for the quadratic
equation.

2 Plot the graph.

3 Plot the linear graph on the same

grid using the gradient and
y-intercept.

y=x—4 has gradient 1 and
y-intercept —4.

4 The solutions of the simultaneous
equations are the points of
intersection.

5 Check your solutions by substituting
the values into both equations.

Solve these pairs of simultaneous equations graphically.

a

y=3x—landy=x+3

b y=x—-5andy=7-5x

C

Solve these pairs of simultaneous equations graphically.
x+y=0andy=2x+6
4x+2y=3andy=3x—1
2x+y+4=0and2y=3x—1

a
b
c

y=3x+4andy=2—x

Hint

Rearrange the
equation to make
y the subject.
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3 Solve these pairs of simultaneous equations graphically.
a y=x—landy=x*—4x+3
b y=1-3xandy=x"—-3x—3
¢ y=3-xandy=x*+2x+5

4  Solve the simultaneous equations x +y = 1 and x* + y* = 25 graphically.

Extend

5 a  Solve the simultaneous equations 2x+ y =3 and x* +y =4
i graphically
ii algebraically to 2 decimal places.
b Which method gives the more accurate solutions? Explain your answer.
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Answers

1 a x=2,y=5
b x=2,y=-3
¢ x=-05,y=25

2 a x=-2,y=2
b x=05,y=05
c x=-1,y=-2

3 a x=1l,y=0andx=4,y=3
b x=-2,y=7andx=2,y=-5
¢ x=-2,y=5Sandx=-1,y=4

4 x=-3,y=4andx=4,y=-3

5 a i x=25y=-2andx=-05,y=4
ii x=241,y=-1.83 and x=-041, y=3.83

b  Solving algebraically gives the more accurate solutions as the solutions from the graph are
only estimates, based on the accuracy of your graph.
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Linear inequalities

A LEVEL LINKS

Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

e Solving linear inequalities uses similar methods to those for solving linear equations.
e  When you multiply or divide an inequality by a negative number you need to reverse the

inequality sign, e.g. < becomes >.

Examples

Example1 Solve—8<4x<16

-8 <4x <16
—2<x <4

Divide all three terms by 4.

Example2  Solve 4 <5x <10

Divide all three terms by 5.

Example 3 Solve 2x —5<7

2x—5<7
2x <12
x<6

[

Add 5 to both sides.
2 Divide both sides by 2.

Example4  Solve2—5x>-8

2—5x>-8
—5x>-10
x<2

[

Subtract 2 from both sides.

2 Divide both sides by —5.
Remember to reverse the inequality
when dividing by a negative
number.

Example 5 Solve4(x —2)>3(9 —x)

4(x—2)> 309 —x)

dx—8>27—3x
Tx—8>27
Tx>35

x>5

Expand the brackets.
Add 3x to both sides.
Add 8 to both sides.
Divide both sides by 7.

W -
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Practice

2 Solve these inequalities.
a l<4
5
3  Solve
a 2-4x>18
d 4x+17<2-x
4  Solve these inequalities.
a 3t+1<t+6
5 Solve.
a 3Q2-x)>2@4-x)+4
Extend

6

Solve these inequalities.

a 4x>16

d 5-2x<12

S5x-7<3

Z>5

10>2x+3

3<7x+10<45

(]

4 —-5x<-3x f

b

b

2@n-1)=n+5

1>3x+4

g<3_ X

7—-3x>-5

6-2x>4
—4x >24

54-x)>30-x)+2

Find the set of values of x for which2x+1>11 and4x—-2> 16 — 2x.
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Answers
1 a x>4 b x<2
d x>-. e x>10
2
2 a x<-20 b x<35
3 a x<-+4 b -1<x<5
d x<-3 e x>2
4 a t<é b nzz
2 5
3
5 a x<-6 b x<5

6 x> 5 (which also satisfies x > 3)

o I ]
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Straight line graphs

A LEVEL LINKS

Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points
: . . . v
e A straight line has the equation y = mx + ¢, where m is ()
the gradient and c is the y-intercept (where x = 0).
e The equation of a straight line can be written in the form y gradientm = i; — i:

ax + by + ¢ =0, where a, b and ¢ are integers.
e  When given the coordinates (x1, y1) and (x2,12) of two 0
points on a line the gradient is calculated using the

formula m = HTNh

Xy =X

Examples

y=mx+c

(e, yy)

Example 1 A straight line has gradient —% and y-intercept 3.

Write the equation of the line in the form ax + by + ¢ = 0.

m=—l and c=3
2
Soy=—%x+3

%x+y—3=0

x+2y—6=0

1 A straight line has equation
y = mx + c. Substitute the gradient
and y-intercept given in the question
into this equation.

2 Rearrange the equation so all the
terms are on one side and 0 is on
the other side.

3 Multiply both sides by 2 to
eliminate the denominator.

Example 2  Find the gradient and the y-intercept of the line with the equation 3y —2x + 4 = 0.

3y—2x+4=0

3y=2x—4
_2, 4

Y73y

2
Gradient=m = 5

_ 4
y-intercept=c= ——

3

1 Make y the subject of the equation.

2 Divide all the terms by three to get
the equation in the form y = ...

3 In the form y = mx + ¢, the gradient
is m and the y-intercept is c.
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Example 3 Find the equation of the line which passes through the point (5, 13) and has gradient 3.

m=3
y=3x+c
13=3x5+¢
13=15+¢
c=—2
y=3x—-2

Substitute the gradient given in the
question into the equation of a
straight line y = mx + c.

Substitute the coordinates x = 5 and
y =13 into the equation.

Simplify and solve the equation.

Substitute ¢ =—2 into the equation
y=3x+c

Example 4 Find the equation of the line passing through the points with coordinates (2, 4) and (8, 7).

x=2,x=8, y=4and y,=7 1
o2 _7-4 3 1

x,-x 8=2 6 2

e 2
4 2

1 3
4=—x2+c

2
c=3 4
—lx+3 S
73

Substitute the coordinates into the

227N 45 work out
XX

the gradient of the line.

Substitute the gradient into the

equation of a straight line

y=mx+c.

Substitute the coordinates of either

point into the equation.

Simplify and solve the equation.

equation m =

Substitute ¢ = 3 into the equation

1
=—x+c
4 2

Hint
Rearrange the equations
to the form y=mx + ¢

Practice
1  Find the gradient and the y-intercept of the following equations.
a y=3x+5 b y=—%x—7
¢ 2y=4x-3 d x+y=5
e 2x-3y-7=0 f Sx+y—-4=0
2 Copy and complete the table, giving the equation of the line in the form y= mx + c.
Gradient y-intercept | Equation of the line
5 0
-3 2
4 -7
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3  Find, in the form ax + by + ¢ = 0 where a, b and c are integers, an equation for each of the lines
with the following gradients and y-intercepts.

a gradient —%, y-intercept —7 b  gradient 2, y-intercept 0

¢ gradient % , y-intercept 4 d gradient—1.2, y-intercept—2
4  Write an equation for the line which passes though the point (2, 5) and has gradient 4.
5  Write an equation for the line which passes through the point (6, 3) and has gradient —%

6  Write an equation for the line passing through each of the following pairs of points.

a  (4,5), (10,17) b (0,6), (-4,8)
¢ (-1,-7), (523) d (3,10), 4,7)
Extend

7  The equation of a line is 2y +3x— 6 =0.
Write as much information as possible about this line.
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Answers
1 a m=3c=5 b m=->,c=7
c m=2,c=—% d m=-1,c=5
e m=2,0=—101r—2l f m=-5c=4
3 3 3
2
Gradient y-intercept | Equation of the line
5 0 y=>5x
-3 2 y=-3x+2
4 -7 y=4x-7
3 a x+2y+14=0 b 2x—-y=0

¢ 2x-3y+12=0 d 6x+5y+10=0
4 y=4x-3

5 y= —§x+7

6 a y=2x-3 b y=—%x+6
¢ y=5x-2 d y=-3x+19

7 y= —%x + 3, the gradient is —% and the y-intercept is 3.
The line intercepts the axes at (0, 3) and (2, 0).

Students may sketch the line or give coordinates that lie on the line such as [1, %) or (4, —3).
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Parallel and perpendicular lines

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

e When lines are parallel they have the same
gradient.
e A line perpendicular to the line with equation

y=mx + ¢ has gradient L
m

Examples

Example 1

Example 2

y

\ r«— gradient = —%
> perpendicular
lines
//// i \\\i
parallel lines
gradient =m

Find the equation of the line parallel to y = 2x + 4 which passes through

the point (4, 9).

y=2x+4
m=2
y=2x+c
9=2x4+c
9=8+c
c=1
y=2x+1

1 As the lines are parallel they have
the same gradient.

2 Substitute m = 2 into the equation of
a straight line y = mx + c.

3 Substitute the coordinates into the
equation y =2x +c¢

4 Simplify and solve the equation.

5 Substitute ¢ = 1 into the equation
y=2x+c

Find the equation of the line perpendicular to y = 2x — 3 which passes through

the point (-2, 5).

y=2x—3
m=2
LI

m 2
y=——Xx+c
S5=——x(2)+c
5=1+c
c_

1

=——x+4

7 2

1 As the lines are perpendicular, the
gradient of the perpendicular line

s ——.
m

. 1.
2 Substitute m = -3 into y =mx + c.
3 Substitute the coordinates (-2, 5)
. . 1
into the equation y = —Ex +c

4 Simplify and solve the equation.

. . 1
5 Substitute c =4 into y =—5x+c .
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Example 3 A line passes through the points (0, 5) and (9, —1).
Find the equation of the line which is perpendicular to the line and passes through
its midpoint.

x=0,x,=9, y=5and y,=-1 1 Substitute the coordinates into the
o2 _—1-5 equation m=22"21 to work out
x,-x 9-0 Xy =X
6 b the gradient of the line.
| 3 ? 3 2 As the lines are perpendicular, the
—— == gradient of the perpendicular line
m 2 1
is ——.
3 m
y==x+c 3 Substitute the gradient into the
2 equation y = mx + c.
Midpoint = 0+9 ’ 5+(-1) _ 2, ) 4 Work Qut the coqrdlnates of the
2 2 midpoint of the line.
2= 3 X 2 +c 5 Substitute the coordinates of the
2192 midpoint into the equation.
c= 4 6 Simplify and solve the equation.
3 19 7 Substitute ¢ = b into the equation
y=-X—— 4
2 4
=—Xx+c.
7 2

Practice

1 Find the equation of the line parallel to each of the given lines and which passes through each of
the given points.

a y=3x+1 (3,2 b y=3-2x (1,3)
¢ 2x+4+3=0 (6,-3) d 2y-3x+2=0 (8,20

Hint

. . . . 1 .

2 Find th t fthel dicular to y = —x — 3 which .
ind the equation of the line perpendicular to y = —x —3 whic = % then the negative

passes through the point (-5, 3). L b
reciprocal ——=-—
m a

3 Find the equation of the line perpendicular to each of the given lines and which passes through
each of the given points.
a y=2x-6 (4,0) b y=—%x+% 2, 13)

¢ x-4y-4=0 (5,15) d 5y+2x-5=0 (6,7)
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4  In each case find an equation for the line passing through the origin which is also perpendicular
to the line joining the two points given.

a (49 3)7 (_2: _9) b (07 3)7 (_109 8)
Extend
5  Work out whether these pairs of lines are parallel, perpendicular or neither.
a y=2x+3 b y=23x c y=4x-3
y=2x-7 2x+y—-3=0 4y+x=2
d 3x-y+5=0 e 2x+5y-1=0 f 2x—-y=6
x+3y=1 y=2x+7 6x—-3y+3=0

6  The straight line L1 passes through the points 4 and B with coordinates (—4, 4) and (2, 1),
respectively.

a  Find the equation of L1 in the form ax+ by + ¢ =0

The line Lz is parallel to the line L1 and passes through the point C with coordinates (-8, 3).
b  Find the equation of Lz in the form ax+ by+c=0

The line L3 is perpendicular to the line L1 and passes through the origin.
¢ Find an equation of L
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Answers
1 a y=3x-7 b y=-2x+5
1 3
=—_ d =x+8

¢ y=-ox y=ox
2 y=-2%-7
3 a y=—%x+2 b y=3x+7

¢ y=-4x+35 d y=%x—8
4 a y= —% X b y=2x
5 a Parallel b Neither c Perpendicular

d Perpendicular e Neither f Parallel

6 a x+2y—-4=0 b x+2y+2=0 c y=2
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Pythagoras’ theorem

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

e In aright-angled triangle the longest side is called the

hypotenuse.

e Pythagoras’ theorem states that for a right-angled triangle
the square of the hypotenuse is equal to the sum of the

squares of the other two sides.
=a*+ b

Examples

Example 1

Calculate the length of the hypotenuse.

Give your answer to 3 significant figures.

Scm

8 cm

=a’+ b
X
Sem | g ¢
b
Secm
=548
x*=25+64
x> =89

x=+/89

x=9.43398113...
x=943cm

Always start by stating the formula
for Pythagoras’ theorem and
labelling the hypotenuse ¢ and the
other two sides a and b.

Substitute the values of a, b and ¢
into the formula for Pythagoras'
theorem.

Use a calculator to find the square
root.

Round your answer to 3 significant
figures and write the units with your
answer.
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Example2  Calculate the length x.
Give your answer in surd form.

10 em
c=a+b 1 Always start by stating the formula
for Pythagoras' theorem.
102 =x2 + 42 2 Substitute the values of a, b and ¢
100=x*+16 into the formula for Pythagoras'
¥’ =84 theorem.
v= 8 - |
_221 3 Simplify the surd where possible
r= cm and write the units in your answer.

Practice

1  Work out the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

a b
a )
A 5cm Scm

9cm
C d
8cm
c
35
5mm dem
L1 d
47 mm

2 Work out the length of the unknown side in each triangle.
Give your answers in surd form.
a € b
4cm /

4 cm 8 cm

10 cm

72 muy 76 mm h

g

64 mm

86 mm
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3 Work out the length of the unknown side in each triangle.
Give your answers in surd form.

a hid b 24 mm
X

54 mn? 36
\J mm %
c d
84 mn 30 DN
] !

4 A rectangle has length 84 mm and width 45 mm. Hint

Calculate the length of the diagonal of the rectangle.

Give your answer correct to 3 significant figures. Draw a sketch of the rectangle.
Extend
5 A yachtis 40 km due North of a lighthouse. Hint

A rescue boat is 50 km due East of the same lighthouse.
Work out the distance between the yacht and the rescue boat.
Give your answer correct to 3 significant figures.

Draw a diagram using
the information given
in the question.

6  Points A and B are shown on the diagram.
Work out the length of the line AB.
Give your answer in surd form.

}.
F 3

x B(4,7)

XALD

7 A cube has length 4 cm. I

Work out the length of the diagonal 4G. -1
Gi in surd f T
ive your answer in surd form. " <
F)_ —_— G
’
Fd
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Answers

1

a 103 cm

¢ 58.6mm

a 4\/5 cm

c 8\/ﬁ mm
a 18«/6 mm
C 42\/5 mm
95.3 mm

64.0 km

3\/§ units

4\/§ cm

7.07 cm

8.94 cm
25 cm
18\/§ mm
2@ mm
6\/@ mm
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Trigonometry in right-angled triangles

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs

Key points

e In aright-angled triangle:

o the side opposite the right angle is called the hypotenuse
o the side opposite the angle 8 is called the opposite opposite
o the side next to the angle 6 is called the adjacent.

hypotenuse

adjacent
e In aright-angled triangle:

o the ratio of the opposite side to the hypotenuse is the sine of angle 6, siné = ;p;p
yp
o the ratio of the adjacent side to the hypotenuse is the cosine of angle 6, cos€ = ;ﬂ
yp
o the ratio of the opposite side to the adjacent side is the tangent of angle 6, tand = 1:,)
ady

e I[fthe lengths of two sides of a right-angled triangle are given, you can find a missing angle

using the inverse trigonometric functions: sin”', cos ', tan".

e The sine, cosine and tangent of some angles may be written exactly.

30° | 45° | 60° | 90°
sin L2 £
1
cos 1 @ @ ) 0
tan 0 @ 1 \/§
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Examples

Example 1

Example 2

Calculate the length of side x.

Give your answer correct to 3 significant figures.

1

2

cos25°=— 3
e 6

cos25° 4

x=6.6202675... 5

x=6.62cm 6

Always start by labelling the sides.

You are given the adjacent and the
hypotenuse so use the cosine ratio.

Substitute the sides and angle into
the cosine ratio.

Rearrange to make x the subject.

Use your calculator to work out

6 +cos25°.

Round your answer to 3 significant
figures and write the units in your
answer.

Calculate the size of angle x.
Give your answer correct to 3 significant figures.

45cm

1
tanﬁ—ﬂ 2
adj
tan x =i 3
45
x=tan" (ij 4
4.5
x=33.6900675... S
x=33.7° 6

Always start by labelling the sides.

You are given the opposite and the
adjacent so use the tangent ratio.

Substitute the sides and angle into
the tangent ratio.

Use tan "' to find the angle.

Use your calculator to work out
tan '(3 +4.5).

Round your answer to 3 significant
figures and write the units in your
answer.
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Example 3 Calculate the exact size of angle x.
V3em
-
3cm
1 Always start by labelling the sides.
V3em| ., Dbop
adj X
3cm
tang = PP 2 You are given the opposite and the
adj adjacent so use the tangent ratio.
tanx = ﬁ 3 Substitute the sides and angle into
3 the tangent ratio.
4 Use the table from the key points to
x=30° find the angle.
Practice

1  Calculate the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

a b

30°

8cm
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5

2

Calculate the size of angle x in each triangle.
Give your answers correct to 1 decimal place.
a

4cm

Work out the height of the isosceles triangle.

Give your answer correct to 3 significant figures.

Hint:

Split the triangle into two

right-angled triangles.

Calculate the size of angle 6.
Give your answer correct to 1 decimal place.

Hint:

First work out the length of the
common side to both triangles,
leaving your answer in surd form.

Find the exact value of x in each triangle.
a

8 cm

\'ECDJ

Tecm
b
X
60°
d
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The cosine rule

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs

Textbook: Pure Year 1, 9.1 The cosine rule

Key points A

e q is the side opposite angle A. .
b is the side opposite angle B. b
c is the side opposite angle C.

C - B
®  You can use the cosine rule to find the length of a side when two sides and the included
angle are given.
e To calculate an unknown side use the formula a®> = 5> +c*> —2bccos 4.

e Altematively, you can use the cosine rule to find an unknown angle if the lengths of all three
sides are given.

2 2 2
e To calculate an unknown angle use the formula cos 4 = b;% .
C
Examples
Y
Example 4 Work out the length of side w.
Give your answer correct to 3 significant figures. 7 cm, w
450
X 8cm
A’é 1 Always start by labelling the angles
and sides.
A
X e ,,z::

a’ =b>+c*—2bccos 4 2 Write the cosine rule to find the
side.

w* =8 +7> —2x8x7xcos45° 3 Substitute the values a, b and 4 into
the formula.

w?=133.80404051... 4 Use a calculator to find w? and

w= [33.80404051 then w.

5 Round your final answer to 3

w=35.81cm significant figures and write the

units in your answer.
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Example 5

Practice

6  Work out the length of the unknown side in each triangle.

Work out the size of angle 6.

Give your answer correct to 1 decimal place.

15cm

Q 10cm

0=122.878 349...

0=1229°

¥ B
15cm
T7emN\° a
I b
Ag 10 cm /R;
it —a?
cosA:#
2bc
10% +7% -15°
cosf=———
2x10x7
cosﬁz_—76
140

Always start by labelling the angles
and sides.

Write the cosine rule to find the
angle.

Substitute the values a, b and c into
the formula.

Use cos™' to find the angle.

Use your calculator to work out

cos (<76 + 140).

Round your answer to 1 decimal
place and write the units in your
answer.

Give your answers correct to 3 significant figures.

a

b

w 10 cm

Tem a

14 cm
1538
b Scm
5.5¢cm
d

6cm
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7  Calculate the angles labelled 4 in each triangle.
Give your answer correct to 1 decimal place.

a 9cm b
a 33mm
J cm 38 mim
12cm
36 mm

7.2cm
c
8 cm 7.5¢cm
7.6cm
13cm

11.3 cm

N—

14 cm
e
8 5cm
@ 10 cm
Z

8 a  Workout the length of WY.
Give your answer correct to
3 significant figures. W

5cm

b Work out the size of angle WXY.
Give your answer correct to
1 decimal place.
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The sine rule

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs
Textbook: Pure Year 1, 9.2 The sine rule

Key points A

e q is the side opposite angle A.
b is the side opposite angle B.
c is the side opposite angle C.

C - B
e  You can use the sine rule to find the length of a side when its opposite angle and another
opposite side and angle are given.
e To calculate an unknown side use the formula — % -2 __ ¢
sin4 sinB sinC
e Altematively, you can use the sine rule to find an unknown angle if the opposite side and
another opposite side and angle are given.

e To calculate an unknown angle use the formula sind _ SH;B _sinC
a C

Examples

Example 6 Work out the length of side x.
Give your answer correct to 3 significant figures.

1 Always start by labelling the angles
and sides.

— = 'b 2 Write the sine rule to find the side.
sind sinB

. X : 10 3 Substitute the values a, b, A and B
sin36°  sin75° into the formula.

10xsin36° .
X=—"—"7"-" 4 Rearrange to make x the subject.
sin75

x=6.09cm 5 Round your answer to 3 significant

figures and write the units in your
answer.
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Example 7  Work out the size of angle 6. 1275 .
Give your answer correct to 1 decimal place. c
a8
14 cm
1 Always start by labelling the angles
and sides.
sind _sinB 2 Write the sine rule to find the angle.
a b
sin@ sinl27° 3 Substitute the values a, b, 4 and B
s 14 into the formula.
sing - 8xsinl27° 4 Rearrange to make sin  the subject.
9=272° 14 5 Use sin" to find the angle. Round
' your answer to 1 decimal place and
write the units in your answer.

Practice

9  Find the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.

a b

a

8 cm 5
@ 10em
& 1050 400
C d
74 mm 487
< d
35 110 &
6.2 cm
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10 Calculate the angles labelled € in each triangle.
Give your answer correct to 1 decimal place.

8cm

B5°
cm

- 7
V

10 cm

9.6 Scm

11 a  Work out the length of QS.
Give your answer correct to 3 significant figures.

b Work out the size of angle RQS.
Give your answer correct to 1 decimal place.
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Areas of triangles

A LEVEL LINKS

Scheme of work: 4a. Trigonometric ratios and graphs
Textbook: Pure Year 1, 9.3 Areas of triangles

Key points

e q is the side opposite angle A.
b is the side opposite angle B.
c is the side opposite angle C.

e The area of the triangle is %ab sinC'.

Examples

Example 8 Find the area of the triangle.

5cm
2
8 cm
_ 1 .
Area= —gpsinC
2
Area = %x8><5><sin82°

Area=19.805361...

Area=19.8 cm?

1 Always start by labelling the sides
and angles of the triangle.

2 State the formula for the area of a
triangle.

3 Substitute the values of a, b and C
into the formula for the area of a
triangle.

4 Use a calculator to find the area.

5 Round your answer to 3 significant
figures and write the units in your
answer.
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Practice

12 Work out the area of each triangle.
Give your answers correct to 3 significant figures.

a b
5.5ecm
7.5¢cm @
ﬁ 8 cm
T.5cm
¢ 38 mm
589
43 mm

Z
13 The area of triangle XYZ is 13.3 cm’.
Work out the length of XZ.
Hint: 2 v
X

Rearrange the formula to make a side the subject. 5.8 cm

Extend
Hint:
14 Find the size of each lettered angle or side. )
Give your answers correct to 3 significant figures. For each one,'de01de yvhether
to use the cosine or sine rule.
a b
9cm
2 M




15 The area of triangle ABC is 86.7 cm’.
Work out the length of BC.
Give your answer correct to 3 significant figures.

16.5cm C
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Answers
1 a 649cm b 6.93 cm c 2.80 cm
d 743 mm e 7.39 cm f 6.07 cm
2 a 369° b 57.1° c 47.0° d 38.7°
3 57lcm
4 204°
5 a 45° b 1 cm c 30° d \/g cm
6 a 646cm b 9.26 cm c 70.8 mm d 9.70cm
7 a 222° b 52.9° c 122.9° d 93.6°
8 a 137cm b 76.0°
9 a 433cm b 15.0 cm c 45.2 mm d 63%9cm
10 a 428° b 52.8° c 53.6° d 282°
11 a 813 cm b 32.3°
12 a 181 cm’ b 187 cm’ ¢ 693 mm’
13 5.10 cm
14 a 629cm b 84.3° c 5.73 cm d 588°

15 153 cm
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Rearranging equations

A LEVEL LINKS

Scheme of work: 6a. Definition, differentiating polynomials, second derivatives
Textbook: Pure Year 1, 12.1 Gradients of curves

Key points

e To change the subject of a formula, get the terms containing the subject on one side and

everything else on the other side.

e You may need to factorise the terms containing the new subject.

Make ¢ the subject of the formula v =u + at.

Examples
Example 1
v=u+at
v—u=at
v—u
=
a

Get the terms containing ¢ on one
side and everything else on the other
side.

Divide throughout by a.

Example2  Make ¢ the subject of the formula » = 2¢ — zz.

r=2t—mt
r=t2—n)
r
t=
2—-7

All the terms containing ¢ are
already on one side and everything
else is on the other side.

Factorise as ¢ is a common factor.

Divide throughout by 2 — 7.

Example 3 Make ¢ the subject of the formula

t+r_z
5

t+r 3t
52
2t+2r=15¢
2r=13¢
_2r

{=—
13

Remove the fractions first by
multiplying throughout by 10.

Get the terms containing ¢ on one
side and everything else on the other
side and simplify.

Divide throughout by 13.
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Example 4 Make ¢ the subject of the formula » = 3 +15 .
t —_
3t+5 1 Remove the fraction first by
= —1 multiplying throughout by #— 1.
rt—1)=3t+5 2 Expand the brackets.
rt—r=3t+5 3 Get the terms containing ¢ on one
—3i=54 side and everything else on the other
side.
tr—=3)=5+r 4 Factorise the LHS as ¢ is a common
54 factor.
p=27 5 Divide throughout by - 3.
r-3

Practice

Change the subject of each formula to the letter given in the brackets.

1 C=nd [d] 2 P=2[+2w [w] 3 D=% [T]
4 p=q;r ] 5 u=at—%t 1] 6 V=ar+dx [x]
y=Tx T=-2y 2a-1 b-c
7 = —_ 8 X = a 9 X =
=5 bl o Ll ]
10 1=2872 [g] 11 e9+x)=2¢+1 [e] 12 p=23 1y
2+g 4-x
13 Make r the subject of the following formulae.
a A=’ b V=§7Z'}"3 c P=mr+2r d Vzgmfzh
14 Make x the subject of the following formulae.
xy ab 4rex 3z
a —_— = b = —
z cd d  py
. . a b
15 Make sin B the subject of the formula — =—
sin4 sinB
16 Make cos B the subject of the formula b* = a* + ¢* — 2ac cos B.
Extend
17 Make x the subject of the following equations.

a Lx+=x-1 b £(ax+2y)=3—ff(x—y)
q q q
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Answers
1 d:E 2 W:—P_Zl 3 T:£
T 2 D
4 =17 5 t= 2u 6 xX= 4
p 2a-1 a+4
b—
7 y=2+3x 8 :3x+1 9 d= ¢
x+2 X
10 g=21*9 1 oe=t B o3
7—h x+7 2+y
A R1Z
T A
P vV
c r= d r=,|—
T+2 27h
14 a =92 b oxo
cdy 47cpy
) in A
15 smB:bSln
a
2 2 2
16 cosB:u
2ac
17 a x=94tP0 b oS t2pey  yB+29)

q—ps 3p—apq 3—aq
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Volume and surface area of 3D shapes

A LEVEL LINKS
Scheme of work: 6b. Gradients, tangents, normals, maxima and minima

Key points .\@h
e Volume of a prism = cross-sectional area x length. < J

e The surface area of a 3D shape is the total area
of all its faces.

cross-section

e Volume of a pyramid = % x area of base x vertical height.

e Volume of a cylinder = zr°h h
e Total surface area of a cylinder = 277 + 27rh

e Volume of a sphere = %mﬁ /

e Surface area of a sphere = 47/°

e Volume of a cone = %ﬁrzh

e Total surface area of a cone = 77l + 7r”

Examples
Example 1 The triangular prism has volume 504 cm’.
Work out its length.
o ‘ ;
9cm
V="1bh 1 Write out the formula for the

volume of a triangular prism.
2 Substitute known values into the

-1
S04 =5 x9x4x] formula.
504=18 x| 3 Simplify
[=504+18 4 Rearrange to work out /.

=28 cm 5 Remember the units.
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i\
Example2  Calculate the volume of the 3D solid.
Give your answer in terms of 7.
12cm
v
Total volume = volume of hemisphere 1 The solid is made up of a

hemisphere radius 5 cm and
a cone with radius 5 cm and height
12-5=7cm.

+ Volume of cone

Do |-

4 1
=5 of 3+ 3 w’h

Total volume = % x % x 1 x5 2 Substitute the measurements into the
formula for the total volume.

1 2
+3 xxx5x%7

3 3 Remember the units.

Practice

1  Work out the volume of each solid.
Leave your answers in terms of 7 where appropriate.

a b
25cm
5.5cm 40cm S0cm
8cm 30 cm
9cm Im
¢ d Scm
10cm
7em 8 cm
[ 5cm
13cm

e 9 f a sphere with radius 7 cm

7cm
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g a sphere with diameter 9 cm h ahemisphere with radius 3 cm

9cm 8 cm

2 A cuboid has width 9.5 cm, height 8 cm and volume 1292 cm’.
Work out its length.

3 The triangular prism has volume 1768 cm’.
Work out its height.

Extend

4  The diagram shows a solid triangular prism.
All the measurements are in centimetres.
The volume of the prism is V' cm’.
Find a formula for V in terms of x.

Give your answer in simplified form. = 1

x+8

5  The diagram shows the area of each of three
faces of a cuboid. 30 cm?

The length of each edge of the cuboid is a whole

number of centimetres.
) 12 cm?
Work out the volume of the cuboid.

10 ¢m?
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6  The diagram shows a large catering size tin of beans 8cm

in the shape of a cylinder. \_//

The tin has a radius of 8 cm and a height of 15 cm. 15 cm

A company wants to make a new size of tin.
The new tin will have a radius of 6.7 cm.

It will have the same volume as the large tin.

Calculate the height of the new tin. v

Give your answer correct to one decimal place.

7  The diagram shows a sphere and a solid cylinder.

The sphere has radius 8 cm. : 8 cm @
The solid cylinder has a base radius of 4 cm and

a height of 4 cm. b
The total surface area of the cylinder is half the

total surface area of the sphere.

Work out the ratio of the volume of the sphere to
the volume of the cylinder.

Give your answer in its simplest form.

8 The diagram shows a solid metal cylinder.
The cylinder has base radius 4x and height 3x.
The cylinder is melted down and made into 3

a sphere of radius 7.
Find an expression for 7 in terms of x.
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Answers
1 a V=39%cm’ b ¥=75000cm?
V =402.5 cm’ d V=200rcm’
e V=1008zcm’ f = %wnf
g V=1215zrcm’ h V=18rcm’
i V=48zcm’ j V=93—87rcm3
2 17cm
3 17 cm

4 V=x+ %x2+4x

5 60cm’
6 2l4cm
7 32:9

8 r:%x
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