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Please read through the examples and then try the questions, showing your oo | Write thess exgiesaiins b stmpiiBed Sidex onm,
working clearly. laz 02 2
8 ER
=
Indices and Surds 2 '
u’j a Q/;z x?
| Simplify th isi 2x'x3x° b 12 =4x’ 3x7)° b Za2c
o Simplify these expressions.  a 2x"x3) X +dx ¢ (3x7) >
= Multiply the coefficients ¢ X2 Since YR =8
£ a 2 x3x =6x"" together and use e
Q XXt =yt ©
> - agy R Subtract the powers,
w =0x S remembering that x = x'
7 1
b 12x7+4x‘3=12x. Since 12:3 and =Px=
4x" B ? k
Waxt=xtsol =y
=3% Xt
which we just wrile as x
¢ (3) =3°() Write these expressions in simplified index form.
7 3 3x°
274 o Since (x°)" = x® Both the 3and the x* must a {¥ b= c % d Q
= be raised to the power 3 i y 3x
5
Simplify these expressions. 5
2 3 . - ~ )
a 5x'x2x b 18x" 3% ¢ (2x) d [?) < | Simplify these expressions without using a calculator.
@ 6 2
o8 = | a \18+5\2 b — t —=
o v V3 1-\5
: 2 A &
o4 | Evaluate each of these thhnut!usmg a calculator. ;g a JiB=Jo2 9 asquar-numbor acor o
% a 25" b 6™ c 8’ w o 18 50 you can simpiity /18
g Therefore V18 +5\2 = 3J2+5J2 |
- - | 3
I.ﬁ a 25" =252 Slnceapowerot% 7 =82 1 ool I
BV3
o represents a square root. b % =3B Rationalise the denominator
=5 3 345 by multiplying numerator
£ x A 63 and denominator by 3
b 67 =(6") 3 |
:i Since a power of -1 =23 ] Since 6+ 3=2 l
61‘ represents a reciprocal. . 2 - 201+ JE') e
o ST ise the denominator
T -¥5  (1=V5)(1+45) by multiplying numerator
£ Wy Always calculate a root _2(1+4/5) and denominator by 1+ 5
c 8°=(&3) before a power. -“j—‘
=2 | Since the cube root of 8is 2 == (1445) (1= VB)(1+45)=1-V5 + V5 -5
= 1 2 =1-5=-4
=4 \_ )
. 5y
Simplify these expressions without using a calculator. N Try It o
: . 4 3 V5
Evaluate each of these without a calculator. a 3287 b = e —— d
. - I 2B 3 1442 V5-2
a 36° b 27° ¢ 647" d|5




Exercise

1 Evaluate each of these without using a calculator.
] 1

4 Expand the brackets and fully simplify each expression,

a W b 27 ¢ 5 d o4
- » ; Ly 8 (1+V2)(3+42) b (14V2)(3-V2) © (1-V2)(3+42) d (1-V2)(3-V2)
e v t 16" g 125° v () | : 7 , _
' o o (VI42)(4+V3) 1 (Va42)(4-V3) @ (VE-2)a4V3) b (Va-2)4-V3)
1)’ 4y 91" 27\ . . - - : o
I (q] | ‘9) k (lb_] | ls) I (VE410V243) ) (VB+1)(V2-3) Kk (VB-1)V2+3) | (V6-1)(V2-3)
2 Simplify these expressions fully without using a calculator.
a \“E b \."7— c 2 \."Ei d 3/ |_8
e \-"20 * \% ' \"’:’f - \':lé ' 3\,32 - 3\’“ h \’(f;l‘) + :‘\"l 25
I Je8+3N7 ) 3Jn2-J32 k 4/18-2/3 | 6J5+50
5 Write each of these expressions in simplified Index form.,
a xx b 7x'xax* ¢ 5x'x8x’ d X"«
e Bx' 42y f 3x"«12x g (') h (&)
I (32") | (6x") kK Jx 1 ¥
,‘/" . )
s n 2xJx Ny LSS p (' =1)
X Wx
3 Sxmphlylhcsrcxpmsions“lull} wiﬂmulmmga‘c,zlutlnlor. - q x'(Vr+2) ¢ ”I" s yx+3 1 (3",;")
S b 8 e g = A 2 pls
g B v3 viz2 ™ sy I+dx l-x vx+2
1 = a - U (Vx+3) . w ~ X .
¢ - § Q= N e x VX A
1+J3 1+v2 1-J5 vi—-1
, W2 243 g 12V2 | 3445




Solving Linear Equations and Rearranging Formulae

-

= | Solve the equation 7x—-5=3x-2

Q Subtract 3x from both sides

= 4x—b=-2 of the equation.

E 4x=3

x e Divide both sides of I— st valoios

w X equation.

4 the equation by 4
. b,
Solve the equation 3x+8=5x-6
\_
\
z Solve the inequality 5(x-2)<2x+1 ,— First expand the brackets. I
B| 5x-10s2x+1
g S J. Sublract 2x from both sides. |
* <
W s Add 10 to both sides.
<1 1
PP bl ;
I Divide both sides by 3 |
e =

Solve the equation 3x+8=5x-6

-

~
c:’ Rearrange Ax-3=£:;—§ro make x the subject.
4 . )
: BB Multiply both sides by 2 ]
) —B—x= I
o| @Re=tx=0 | subtactxfrom botnsdes |
Ll 2A%x—x=B+6
*(2A-1)=B+6 |—{ Add 6 o doth sides |
_B+6 Divide both sides by
= oA {24~ 1) to make xthe subject. —1 Factorise the side involving x ]
=i

LRearrange 3(x+A)= Bx+1 to make x the subject.

\
| Solve the simultaneous equations 5x -4y =17, 3x+8y =5
@ .
-5. 15x+40y=25 (1) ;Ayulsnply the second equation
E 15x—12y=51 (2)
> I Multiply the first equation
w (1)—(2):52y=—26 by3
~=1
¥="2 Subtract equation (2} from
1 equation (1) to eliminate x
5x_4[_5)= 17 »
Solve this equation
= - —
2 to find the value of x 1
5x=15 Subsumley=-§|nloone
x=3 of the original equations.
N J
Solve the simultancous equations 2x+5y =1,3x—2y=-27 Try It o
.
10 | Find the point of intersection between the lines with equations y=2x+5and y=7-3x
Q
- Zx45H=7-35 Substituta 2x +5 for yin the
g PxdH="7 sacend ecuation.
~ 5)( =2
w _.l Salve 10 find the value of x
x=04
y=2040+5
Substitute x = 0.4 into either
=38 of the onginal equations o
S the lines intessect at the peint (0.4, 5.5) find the y-cocrtinale
o /

Lﬂnd the point of intersection between the lines y=3x+4 and y=6x- 2




1

Solve each of these linear equations.

x+4
a 3(2x+9)=7 b 7-3x=12 c =7 d 2x+7=5x-6
9
2x+9
e 8x-3=2(3x+1) f ;2 =x-1 g 2(3x-7)=4x h 7-2x=3(4-5x)
2 Solve each of these linear inequalities.
. x+1
a %+7zs b 3-4x<15 ¢ 5(x-1)>12+x d l§—>2
3
e 8x-1<2x-5 f :xx+1)zi§m g 32x-5)<l-x h x—(3+2x)22(x+1)

3 Rearrange each of these formulae to make x the subject.

a 2x+5=3A-1

(1-3x) =t

b

X+u=vx+3

c

3x-1

k

|
xX*+k

=2X

—-6=4

d 5(x-3m)=2nx-4

h

vx+A=2B

Exercise 4  Use algebra to solve each of these pairs of simultaneous equations.
a 5x+12y=-6, x+5y=4 b 7x+5y=14, 3x+4y=19 ¢ 2x-5y=4, 3x-8y=5
d 3x-2y=2, 8x+3y=45 e b5x-2y=11, —2x+3y=22 f 8x+5y=-0.5 —6x+4y=-3.5
5

Use algebra to find the point of intersection between each pair of lines.

y=8-3x, y=2-5x

y+5=3x, y=-5x+7

b y=7x-4,y=3x-2

1
e _v=;x+3, y=5-2x

C y=2x+3,y=5-x

f y=3(x+2), y=7-2x




Factorising Quadratics and Simple Cubics

+  Factorise each of these quadratics.
o . N " The highest common factor of 9x* and 15x is 3x
= a 9Yx’ +15x b x‘+3x-10 c x'-16
“ - You need to find two constants with a product of
& a 9x" +15x=3x(3x+5) —10.and asum of 3:5x -2 =10 and 5+ —2 =3
x y
1T} b« +3x=10=(x+5)(x—2) so the constants are -2 and 5
¢ X —~16=(x+4)(x—4) x’ and 16 are both square numbers.
\:

Factorise each of these quadratics.

a Mx'-7x b x'-5x+4 ¢ x'-25
o0 | Factorise each of these quadratics. Split 11x into 9 + 2x since 9x 2= 18 and
2| a3t 411xe6 b 2x*-9x+10 =15
E 2 gt Factarise the first pair of terms and the second
2 a 3x +1X+6=3x"+Ix+2x+6 I8 aaic of terms,
L =3x(x+3)+2(x+3)
=(3x+2)(x+3) Split 9x into —4x —5x since —4 x-5=20
u and 2x10=20
b 2x" —9x+10=2x"—4x—5x+10
= 2x(x~2)-5(x~2) Factorise the first pair of terms and the second
ir of terms.
=(2x-5)(x-2) el
e
Factorise each of these quadratics.
a 5x'+21x+4 b 6x°+7x-3 € 8x*-22x+5

0 )
2 | Use factorisation to find the roots of these quadratic equations.
% a 4x’+12x=0 b 5x*=21x-4 [— Factorise he quadvatic.
g a HF+12x=4x(x+3) * One of the factors must be equal to zero.
i 4x(x+3)=0=4x=00r x+3=0 Solve to find the roots.
\— if 4% =0 then x=0 and if x+3=0 then x=-3 :
Rearrange so you have a quadratic
b 5x*—21x+4=0 * expression equal to zero.
5x" =2 x+4=5x"—20x—x+4 e i
s AN Write ~21x = —x — 20x since
=R SR ~20x-1=20and5x4=20
=(5x="1)(x—4)
]_ Factorise the quadratic.
(Bx=N(x-4)=0=5x-1=0 or x—4=0 s—y
If5x-1=0thenx=1andlfx-4=0therlx=4 The product is zero so one of the factors
5 I must be equal to zero.
Solve to find the roots.
N o
Find the roots of these quadratic equations.
a 6x'-12x=0 b 4x*=23x-15
\
« | Sketch these quadratic functions.
o Find the y-intercept by letting
1K y=x"+x-6 b y=—x'+4ax X=0
-
g 8 Whenx=0, y=—6 +—-— Find the x-intercept by letting
u’j When y=0, x" +x—6=0 #—— y=0
Mot on(ee=g) ‘— Factorise 1o find the roots.
(x+3)x-2)=0=x=-3 orx=2
b Whenx=0, y=0 » .1 Sketch the parabola and tabel

When y =0, —x" +4x=0) — :gy‘ 'mmm‘_'s:::“

—x =dyx=—x(x—4)

“x(x=4)=0=3x=0 orx=4 9(0' tdlmembola._ It will be
this way up snce the x* tarm
in the quadratic is negative.
Label the xand y intercepls.

«in =0

Factorisa 1o find the roots. R SR S

'~ Find the x-infercept by letting y = 0
\

Sketch these quadratic functions.

a y=x'-25 b y=x"+10x+25

¢ y=5x-x°




Exercise

1 Fully factorise each of these quadratics. 5 Fully factorise each of these quadratics.
a 3x*+5x b 8x'-4x ¢ 17x*+34x d 18x°-24x a 16x"-25 b 4x’-16x ¢ x*+13x+12 d 3x’+16x-35
e x'+x-12 f 100-9x° g 2x'-l4x h 20x*-3x-2

6 Use factorisation to find the roots of these quadratic equations.

2 Factorise each of these quadratics.

a 2lx'-7x=0 b x’-36=0 ¢ 17x"+34x=0 d 6x"+13x+5=0
a x'+5x+6 b x'-7x+10 c x'-5x—6 d x*+3x-28 e 4y -49=0 f x*=7x+18 g ¥-7x+6=0 h 21 =2-x
e x'-x-72 fx'+2x-48 g x'-12x+11 h  x*-5x-24 i 17x=5x"46 | 16x"+24x+9=0 Kk 9x’+4=12x | 40x*+x=6

7 Sketch each of these quadratic functions, labelling where they cross the x and y axes.

3 Factorise each of these quadratics.

a y=x(x-3) b y=-x(3x+2) ¢ y=x(3-x) d  y=(x+2)(x-2)
a x' =100 b x*-8l1 c 4x'-9 d 64-9x°

e y=(x+4) f y=-(2x+5)° g y=(x-5)(x+2) h y=(x+1)(5-x)

4 Factorise each of these quadratics,

a 3x'+7x+2 b 6x°+17x+12 ¢ 4x*-13x+3 d 2x'-7x-15

e 2x'+3x-5 f 7x"+25x-12 g 8x'-22x+15 h 12x*+17x-5 8 Sketch each of these quadratic functions, labelling where they cross the x and y axes.
a y=x"+6x b y=3x"-12x c y=x’-121 d y=x"-3x-10
e y=-x+3x f y=15x-10x" g y=49-x° h y=-x"+2x+3

i y=x"—4x+4 j y=-x"+14x-49 Kk y=3x"+4x+l | y=-2x"+11x-12




Completing the Square

Exercise

1 Write each of these quadratic expressions in the form p(.t+q)"' +r

a x'+8x b x'-18x ¢ x'+6x+3 d x'+12x-5
e X =7x+10 f x'45x49 g 2x'4+8x+4 h 3x°+18x-6
i 2x'-10x+3 j—x*+12x-1 k ~-x*+9x-3 I —2x° +5x-1

| Write each of these quadratics in the form p{x+q)’ +r where p, ¢ and r are constants to be found.
)
T a X 46x+7 b -2x +12x
g 6V (B6Y The constant term in the
e a x‘+6x+7=(x+—) -(—) +7 tracket will be half of the
B 2 B coefficient of x
=(x+3) ~9+7
=(x+3) -2 First factor out the
A ame—nf oRs coefficient of x* then
b -2« +12x=-2[ ¥ ~6x] coticlots e S o 48
=-2[(x-3)'-2] expression in the square
==2(x=3)" +18 brackets.
\ p,
Write each of these quadratics in the form p(x+q)’ +r
a ' +22x b 2x'-8x-6 ¢ —x*+10x
41 Find the coordinates of the turning point of the curve with equation y=-x* +5x-2
O
s =i 4 55— =_[xl_5,+2] First factor out the —1 then complete the square
- for the expression in the square brackets.

Ex

The cutve is at its highest point when the bracket

ismem:X-gEO:Xug

o, 517
S0 the maximum pointis at 57}

.

Find the coordinates of the turning point of each of these curves and state
whether they are a maximum or a minimum,

a y=x-3x+l b y=—x'-7x-12 c y=2x"44x-1

2

Use completing the square 1o find the turning point of each of these curves and state whether it

is a maximum or a minimum.

a y=x+lx b y=x"-18x+3 ¢ y=x"-9x d

e y=x"+11x+30 f y=-x"+6x-7 g y=2x"+16x-5h

y=—x'+4x

y=-3x"+15x-2




1/

\calculator to solve quadratic equations.

The Quadratic Formula “7 1 Given that the quadratic equation 5x” +3x~k=0 has real solutions, find the range of possible
2| valuesof k
" | Solve the equation 3x" -5x~7=0 using the quadratic formula. g‘ =P
2 Substitute into the formula, gl Enaravees -
Q. a=3b=-5¢c=-7 taking care with negatives. = S0l —4a0=5" -AXEX(~k) o Find the discriminant.
- ) J=5) —4x3x%(=7) Use your calculator to =25+20k 2: mﬁﬂﬂﬁf&! -
= imal. utions so the discrim
1] 2%3 ulve}ns_wsrasadecmnal. 25+20k20=ak2-2 B Mo ol
_ 5109 S+3109 _» 57 and 4 zer0.
6 e .
=257 or—091 {02 dp) = 6‘09 — 091
Given that the quadratic equation kx’ - x+5=0 has exactly one solution,
e
" You can also use the equation solver on your

find the value of k
—_—
B

Use the quadratic formula to solve the quadratic equation 7x"—4x—-6=0

@ 115 - 4ac <0 then the equation has no real roots. L poiee
€) £ —4ac>0 then the equation has two real roots.
€) 11b" —4ac=0then the equation has one real root.

o ; 2 B o .

The curve does not
cross the x-axis so
the discriminant is discriminant is
negative, positive,

‘The curve crosses the
x-axis twice so the

>\

‘The curve touches
the x-axis once

so the discriminant
equals zero,

a=1lb=3.c=k+1

Sob’ —4ac=3 —AxIx(k+1)

Given that the quadratic equation x” +3x+k+1=0 has exactly one solution, find the value of k

~\
“F 1 Given that the quadratic equation —x° +7x+3-k =0 has no real solutions, find the range of
;.: possible values of k
g a==-b=T7.c=3-k
X|  sor'-aac=7"-ax(-x(3-k) | Fioane gscrmioart. |
=G1-4k
61 The equation has no
61—4k<0=:k>—4;— solutions 50 the discriminant
15 negative.
- J

\

range of possible values of &

=5-4k

(Example 2 h

Find the discaminant.

Given that the quadratic equation kx* - 7x+1=0 has no real solutions, find the

Try It o

The equation has exactly one

5—4k=0=ok=§ -
4

-

solution so the discriminant
is 2610,

Given that the quadratic equation kx’-x+5=0 has exactly one solution,

find the value of k




1 Use the quadratic formula to solve each of these equations.

a Tx'+3x-8=0 b -x'+4x-2=0 c

X' =12x44=0

Exercise

2 Work out how many real solutions each of these quadratic equations has.

a x'-5x+7=0 b 7-2x-3x"=0 c

4x7 =28x4+49=0

3 Choose a possible equation from the box for each of the graphs.

a ¥ b y

y=-4x"+12x-9
y=-x"+2x-4
y=7x"~5x+4
y=-x'+x+6

y=6x'-x-15

4 Find the value of k in each equation given that they each have exactly one solution.

a 3x'+2x-k=0 b kx'-x+4=0 € 2x' +5x+k-5=0

5 Find the range of possible values of & for each equation given that they all have real solutions.
a 1 +3x-3k=0 b k' -7x+4=0 € —x' +6x—k-2=0

6 Find the range of possible values of k for each equation given that they all have no real solutiol

a 5x'—x+2k=0 b —kx"+4x+5=0 ¢ 6x'-5x+3-2k=0




Line Graphs

| Calculate the gradient of the line through the points A(1, -6) and B(-5, 2)
)
= 2-(-6)
=8 mms — = Yo =)
£ (=5)-1 Use m = ——Xz X, with
- ) X, =1x,=-5and
W -6 m“mmﬂwﬂw y'=-5'h=2
4 gradient so slopes down
L ==s from feft to right.

Find the gradient of the line through each pair of points,
a (1,7)and (4, 8) b (8,-2)and (4, 6)

¢ (-8,7)and (-4,-7)

N
« | Work out the gradient and the y-intercept of each of these lines.
2 a )'=l.r+4 b y+x=5 C -2x43y+7=0
g- 2 2 Since y = mx + ¢ where m
O I < is the gradient and ¢ is the
2 a Gradient > and y-intercept =4 prry
= b y=5
il Rearrange to make y the
So gradient= —1 and y-intercept =5 subject.
O Dy m—7+2x Rearrange to make y the
7 2 subject.
yE——t—x
33
2 7
So gradient = 3 and y-intercept = 3
\ic v

-
o0 | Calculate the exact distance between the point (5, 1) and (6, —4) Use
2 - - d=Jir,—x ) +ly, -y
g d=J(6-5) +(-4-1) with x.;s. S g
- =1y, =4
3 = JFH(5) =t
\ =J26 Leave answer as a surd
since this is exact,
S

Calculate the exact distance between each pair of points.
a (5,2)and (7, 4) b (6,~4)and (-3,-1)

¢ (vV2,4)and (4V2, -5)

Work out the gradient and the y-intercept of each line.

Try It o

\
3 | 'The points A and B have coordinates (—4, -9) and (6, -2) respectively. Find the midpoint of AB
Q
- ~4)+6 (-9)+(-2)
2| Mudpoint= [‘ ! XK vy,
= 7 2 2 U“[ 2 2 )
@ _(2 -11] with x, = -4, x, =6 and
W 22 $=-0y,=-2
=(1,-55)
\.

a (1,9)and (2,5) b (-2,3)and(-5,-7)

LCalculatc the midpoint of the line segment between each pair of points,

¢ (6.4,-9.3) and (-2.6, —3.7)

a y=8-2x b 2y+x=3 ¢ 6x-9y-4=0
~
1) | Find the equation of the line through the points (3, 7) and (4, ~2) in the form y=mx+e¢
2 -2)-7
c o -y
= 4-3 First use m = =11 to find
1 =-9 =X
the gradient,
lﬁ So the equation is y—7 =-9(x=3)
y=T==9x+27 | Use y— y, = m{x - x,) with
(%, ,)= (3, 7), or you could
y=-9x+34 e— Expand the brackets and il (4, ~2) instead
reamrange to the correct form. ool el Nl b
)= o
Find the equation of the line through each pair of points.

(3, yand (2. 9) b (5, ~1)and (7, 5) € (-3, ~4)and(7.2)




\

3 | ‘Theline /, has equation 2x+6y =5 . Theline I, is parallel to /, and passes through the point
1 (1,-5). Find the equation of /, in the form ax+by+c¢=0 where @, b and c are integers.
Q.
g | :2x+0y=5=0y=5-2x Rearrange to make y the
d" =_5_ 2 subject so you can see what
=Y=e 8" the gradient i,
The gradisnt. of /, ls-%whichsimpﬁﬁcsw—%
ﬂwreforsthagmdbmaff,ls-% Since 1, and /, are paraBel.
1
I —(=B)=——(x~
So the equation of I, is y—(~5) 2,'(x 1) -
[}
=y+5=—-;—(x-1) write the equation of /;
= -Fy=15=x~1 Multiply both sides by -3
50 that all coefficients are
=x+3y+14=0 .__{ Rearrange to the correct form, Integers.
‘The line [, has equation 3x -2y = 8. A second ling, [, is parallel to /, and passes Try It o
through the point (3, -2). Find the equation of /, in the form ax+ by +¢ =0 where a,
band care integers.
= | Decide whether or not each line is parallel or perpendicular to the line y=4x-1 w
% a 2x+8y=5 b 20x+5y=2 ¢ 16x-4y=5
g First note that the gradient of y = 4x-=1is 4 Rearrange to make y the
u’j 8 Z2x+By=5=8y=5-2x subject
= 1
=y—b-4x -
1 = e
4x(—;)=-1sothlsllmt5pcrperdlcularwy—4x e Since the product of the
b 20x+5y=2=5y=2-20x it
:ay::—z--4x Rearrange to make y the
5 subject,
The gradient is —4 9o this line is neither parallel nor
perpendicular to y = 4x—1
C 16x-4y=5=4y=16x-5
= —4x-—5-
v 4
The gradient. i5 4 50 this fine Is parallei to y =4x—1
\. >

Decide whether or not each line is parallel or perpendicular to the line y=4-3x

a 3x+6y=2

b Sx-15y=7

c 1Bx+6y+5=0

0 | ‘Theline /, has equation 7x+4y=8 Theline [, is perpendicular to /, and passes through the
| point (7, 3). Find the equation of £, in the form ax+by+c=0 where a, b and c are integers.
Q
g I:Tx+ 4y =B=>dy=~Tx+8 Rearrange to make y the
» 7 subject 50 you can see what
W =y=—2x+2 the gradient is.
7 e
s —— g 8 ]
So the gradient of |, is 4mdthegradicntaﬂ_ns7 sm(_%]x;=_‘
S0 the equation of |, Is y-3=%(x-7)
Use y -y, =mix-x,)to
=7y-21=4(x-7) v 1 sqstion o,
=Ty=21=4x~28 Ndtony ot o
i sides
=S ax=Ty-7=0 ’—-{ Rearrange to the correct form. 50 that all coefficients are
Integers.
L.
The line [, has equation 4x+6y = 3. A second line, 1, is perpendicular to [, and LAl o
passes through the point (-1, 5). Find the equation of [, in the form ax+ by +¢=0
kwhen.' a, band care integers.

@ | Find the equation of the perpendicular bisector of the line segment joining (3, ~4) and (9, -6)
Y
[ 349 —44(-6 XAX, y4Y
E Muwl“b(—z———z(—2)=(6—5) - Use(—-—z—«'-.—-é—i)
©
Ui | Gradient of line segment Is —-%—--;—
N Yi= ¥

S0 the perpendicular bisector has gradient m=3 U x:—x,

The equation of the perpendicular bisector is y —(-5) = 3(x—6)

ory=3x-23 ! SIMGMG:GW

Use ¥ - ¥, =m{x—Xx,) ““3”('5)"‘
\ /

Find the equation of the perpendicular bisector of the line segment joining

(2,-3) and (~12, 5)

Try It 0




Exercise

1 Find the gradient of the line through each pair of points. ’ :
5 Find the equation of the line through each pair of points.
a (3,7)and (2 8) b (5 2)and (-4,-6) ¢ (1.3,47)and(2.6,-3.1)
2 - a (2,5)and (0,6 b (1,-3)and(2,-5 ¢ (4,4)and(7,-7
d (ll) and (ﬁ_] e (v3,2)and (2J3,5) f (3a,a) and (a, 5a) (2,5)and (0, 6) ( )and ) (4,4) and (7,-7)
23 43 -
d (8,-2)and(4,-3) e (-3,-7)and(5,9) 1 (v2,-V2)and (3V2, 4V2)
2 Calculate the exact distance between each pair of points. 6 Which of these lines is either parallel or perpendicular to the line with equation y =6x+57
a 2x+12y+3=0 b 18x+3y=2 c 3.v:-%y+.":0

a (8,4)and(1,3) b (-3,9)and(12,-7) ¢ (5.9,6.2)and(-8.1,3.8) )
7 Which of these lines is either parallel or perpendicular to the line with equation y = %x— 17?

d (;.—i]and(?.-;) e (5,-3V2) and (2,42) f (k,-3k) and (2k, -6k) S
£ 5 b 6x+9y+2=0 c 2x-3y=7

-

’ a 24x+16y+3=0
8 Which of these lines is either parallel or perpendicular to the line with equation 6x+12y =17
8 2y=5-Xx b 9x=18y+4 € 10x-5y+3=0

9 ‘Theline / has equation y=5x+1

3 Find the coordinates of the midpoint of each pair of points.
a (3,9)and(1,7) b (2,-4)and(-3,-9) ¢ (2.1,35)and (6.3,-3.7) a Find the equation of the line [, which is parallel to /, and passes through (3, -3)
! ( %’ "% ] and ('::"- ;) e (6v5,2V5) and (-J5,45) f (m,2n) and (3m, -2n) b Find the equation of the line I, which is perpendicular to /, and passes through (4, 1)

14 Find the equation of the perpendicular bisector of the line segment joining each pair of points.
a (5 -7)and(-3,5) b (-5,-9)and(5,5) ¢ (-6,2)and(4,12)
d (2,-7)and(-1,2) e (-13,-5)and(15,-12)

4 Work out the gradient and the y-intercept of these lines.

a y=7x-4 b y+2x=3 c x-y=4 d 3x+2y=7

e 5x-2y=9 f 5y-3x=0 g x+6y+3=0 h 3(y-2)=4(x-1)
15 Find the point of intersection between these pairs of lines.

a y=5x-4and y=3-2x b y=8x and y=3x-10
1 5
d y=-=x+7 and y=5x—:
4 2

= Xige=
c y=7x-5 andy:—;x+n




Circles

A circle of radius r and centre (a, b) has equation
(x—a)f +(y-b)y =r

Equation is

a=5andb=-1

(X=5)"+(y —(-1)" =9 so

|___ Remember to find the

positive square root.

| Remember to square the

“" | a Find the centre and radius of the circle with equation (x—5)° +(y+l)2 =9
Q

= b Write the equation of a circle with centre (=3, 7) and radius 4

£

s a Thecentreisat (2.-1)
L The radius is VO =3

b a=-3b=7 and r=4
So equationis (x+3) +(y-7) =16
e

radis.

a Find the centre and radius of the circle with equation (x+2) +(y-8)" =25

b Write the equation of a circle with centre (7, -9) and radius 8

4 1 Find the centre and radius of the circle with equation x* 4 y* ~8x +4y+2=0
Q
g' X =Bx+y +4y+2=0 Group the terms involving X
G| (-4)-164(y+2y ~442=0 Y
W1 =ay+y+2y=18 L Complete the square for
"-8xand y' +4
S0 the centre 15 (4,~2) and the radius Is V18 =342 il 0.4
N

Find the centre and radius of the circles with these equations.

a X+y -10y+16=0 b x*+y +6x-12y=0

Example 3

Find the equation of the circle with diameter AB where A is (3, -8) and Bis (-5, 1)
Centmts(3+(—5) ("9)"4) The centre is the midpoint of
25 s A&Use(x'“(’ y.+y,)
=(-1-2) 2 "2
1 - -
Radius s EJ(-5"3)' +(4-(-8)) The radius is half of the
1 - = length of A8
=S V(-8y +(12y
=213 Use (x—af +(y—b) =r'
2 2 and remember to square the
o ! = [ — °
L So the equation of the circle Is (x+1)" +(y+2)” =52 radits: (2413 = 52

Find the equation of the circle with diameter AB where Ais (4, 6) and Bis (2, -4)

~
| Acircle has equation (x+3) +(y-7)" =26
[
= | a Show that the point (-4, 2) lies on the circle.
s b Find the equation of the tangent to the circle that passes through the point (-4, 2)
»
Y18 aay -7 = +(-5) By L2k =iw
=1+25 :
=26 so (-4, 2) lies on the circle. A
Use m-[y—*—-_ A
b Centreof circleis (=3, 7) | X, =X,
2-7 -5
——b
Gradient of radius Is (5 =1 Slnce[-.;:)xss-l
Atangmtbpawtdicdartoamd)usaogadmdtamamb-% -—|—
; 1 Uss y -y, = m{X — X,) with
Therefore tionof tangentis y=-2=~—(x+4) o | ! !
e reenLle y-2=—glx¥4) (X.9)=(-4.2)
. Y

Acircle has equation (x—1)" +(y+4)’ =50

a Show that the point (6, 1) lies on the circle,

Try It o

b Find the equation of the tangent to the circle that passes through the point (6, 1)




91 Theline x+3y=12 and the circle (x+3) +(y-7) =41 intersect at the points A and B
@
=, | @ Find the coordinates of A and B Rearrange the equation of the
£ | b Calculate the length of the chord AR line to make either X of  the
..3 subject (whichever is easiest).
W a x=12-3y
Substitute for x (or y) in the
(12=-3y+3) +(y=7) =4 of the circle.
15-3y) -7V =4
=BT Simpliy, then use the equation
=225-90y+9y " +y =14y+49=4 solver on your calculator.

=10y =104y +270=0 s——————————"| g5t the values of yinto the rearranged

=y=54 or y=5 | equation of the line to find the values of x
x=12-3(54)=>x=-42

The line and the circle will intersect twice
x=12-3(5)=-3 j unless the ling i a tangent to the circle

So they intersect at A(—4.2, 54) and B(-3. 5)

b Lengthof chord AB= \J(-3—(~4.2))" +(5-54)"
= 12" +(-04)

Use d = (X, ~ ) +(y, - y.F

= §J1 O (= 1.26 to 3 significant figures)

P
LYou can find points of intersection using a graphics calculator.

The line 3x+ y =5 intersects the circle x* +(y—4)" =17 at the points A and B

a Find the coordinates of A and B b Calculate the length of the chord AB

Exercise

1 Write the equations of these circles.
a circle with radius 7 and centre (2, 5) b circle with radius 4 and centre (-1, -3)

¢ circle with radius /2 and centre (=3,0) d circle with radius /5 and centre (4, -2)

2 Find the centre and the radius of the circles with these equations.
a (x-5)+(y-3) =16 b (x+3)+(y-4)=36 ¢ (x-9)+(y+2) =100
d (x+3) +(y+1)" =80 e (x—JE)*+(y+2~/§)’=32 f (x+%) +[y+%) =24—5

3 Find the centre and the radius of the circles with these equations.

a x'+2x+y’=24 b ¥ +y*+12y=13 c x'+y'—ax+3=0
d  xX°+y +6x+8y+2=0 e +y'-8x-10y=3 f X4y +14x-2y=5
g x'+y'+5x-4y+3=0 h x'+y’ -3x-9y=2 i X +y' —x+7y+12=0

4 Find the equation of the circle with diameter AB where the coordinates of A and B are
a (3,5)and(1,7) b (4,-1)and(2,-5) ¢ (1,-3)and (-9, -6)
d (-3,-7)and(8,-16) e (¥2,4)and (-V2,6) t (4V3,-V3)and (-243,-543)

‘2 | Showthat x—y=12 isa tangent to the circle (x—6) +(y+2)' =8
Q Rearrange the equation of
2 y=x-12 the line to make either xor y
E : the subject.
(] (x=B) +(x—12+2) =B
<
w = (x=6)" +(x~10)' =8 l— Substitute for y (or ) into the
equation of the circle.
=X =12x+36+x" =20x+100=5
=2x'~32x+126=0 I - mesiamauny
b’ -4JC=(*32); —~4%X2x1286=0 Simplify.
So they meet once only.
Hence x—y=12is atangent to (x=8)° +(y+2)' =8 If the discriminant is zero
then there is exactly ong
sofution

5 Determine whether each of these points lies on the circle with equation (x—3)" +(y+2)" =5

a (53) b (1,-1) c (4,3) d (2,0

To show that a line is a tangent to a circle you can \
show that they only intersect once.

Show that 2x—y+11=0 isa tangent to the circle (x-5)" +(y-1) =80 Try It o




6 Determine which of these eircles the point (<3, 2) Hes on,

8 (x~6)'+y w68 b (x+2) 4 (psl) =8 € (x=8)+(y-2) =nl

7 Acircle has equation (x=1)" +(y+1)° =10, Find the equation of the tangent to the circle through
the point (2, -4). Write your answer in the form ax+ by +¢ =0 where @, b and ¢ are integers.

8  Acircle has equation (¥ +3) +(y+7) = 34. Find the equation of the tangent to the clrcle through
the point (0, ~2). Write your answer in the form ax + by + ¢ = 0 where a, b and ¢ are integers.

9  Acircle has equation x* +(y-8)" = 153 Find the equation of the tangent to the circle through the
polnt (3, ~4). Write your answer in the form y = mx +¢

11 Find the points of intersection, A and 8, between these pairs of lines and circles,
a8 x+y=5 x'+y =53 b y+1=0, (x=1) +(y+2)' =17

€ 2x-y+7=0, (x-2)4(y+1) =36 d y=2x+41, (x+4) +(y+6)' =10

12 The line 3x -9y = 6 Intersects the cirele (x4 7) + (y+3) =10 at the points A and B

a  Find the coordinates of A and B b Calculate the length of the chord AR

14 Show that the line y= x—3 is a tangent to the circle (x-3)* +(y+2)’ =2

17 Show that the line y =2x+3 does not intersect the circle (x—1)* +(y+4)* =1

18 Show that the line 3x+4y+2 =0 does not intersect the circle (x+3)" +(y-6)°




